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Lcfi gidi thieu 


Tai chinh to tin (Mathematical Finance) hay thudng di/dc goi la Toan tai chinh 
la mot nganh khoa hoc mdi xuiit hien vk phat trikn trong khoang 4 thap ky 
trd Jai day. Ciing vdi sit phat tricn cua cac. cong cu tfnh toan ngau nhicn. Toan 
tai clunh da vk dang jihsit triPn manh me vk thu dude nhiing tlianh titu rue 
id. Shihu giai thudng Nobel Kinh te da dat didc tren llnh vile a ay. Nghy nay 
bo mon khoa hoc nay difdc phat tricn miuih d h5u khkp cac mtdc phat tricn 
trcn the gidi. 0 mtdc In, trong khoang 10 nain trd lai day, ngknh khoa hoc 
nay diioc nhidu nha ugh ion erm quan tain tny nhicn cac k&t qua ;i/> dung con 
khiem t6n. Nam 2000 danh dan mot bade ngoat ldn trong ndn kinh th nifdo 
ta vdi sit rn ddi cua Tin triCUni ,/ cfiling khodn. La mot thj tritdng non tn\ tin 
tntdng cluing khodn Vit}t Nam t.hu hut didc s\f quan tain cua kha nhicu nha 
dan tit va ca nhiing nha nghicin ah; trong va ngoki mtdc. Thi tridng chitug 
khodn dii trd thknli mot. kenh buy dong von rdt hiru qua cho non kinh te dat 
mtdc, mot san chcJi hap dan rihitug cung twin an khdng it bien dong rui ro. 

Toan tai clunh nghicn citu hoat, dong cua thi tritdng tai chinh iron eel sd 
Gidi tfch ngtin nhicn vdi gia dinh rkiig cac qua trinh gia ca (ala car hdp dong , 
ta; svi.ii, ...) trong thi tritdng la cac. qua trinh ngau nhicu ditdi hai dang c<1 ban: 
ihdi gian rdi me va thdi gian lien tuc. Sit bien dong cua thi tritdng the hien 
qua sit bidn den gia tri cac help dong tai chmh trong thi tridng do. Van d6 dat 
i a la lam th6 nho dS mini bdt va dU ban dude sir bien dong nay dS hta chon 
phitdng an dan tit hdp ly nha/n thu Idi nhuan aw va trdnh nii rod Toan fai 
chmh sc giup chung ta trd Idi can hoi do. Trong pham vi giao trinh nay, chung 
idi gidi thieu nhffng cd sd tinh toan tat djnh va ngau nhicn trong tai chinh 
nhkin giup ngitdi doc cd nhftng hiSu bict cd sd ban dau vc Toan tai chinh, Lit 
do cd the tidp can dude cac ly thuyet cao hdn. 

Noi dung giao trinh gdm: 

Chidng L Cac t/nh toan tai chmh cd ban. 

Chudng nay trinh bay mot so khai niem cd ban trong tai chmh in A dne bict 
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lh thi trating chting khoaii nhdm giup ngatii doc co daoc hinh dung ban dim 
vc thi trating tai chinh. Chung toi cung gidi thieu mot so tinh toan thi chinh 
co ban va mot sd nghiep vu thating gap trong nhdng giao dich thi chinh. 

Chaong 2. Mo hinh ngdu nhien trong thi chinh vtii thtii gian rtii rac. 

Trong charing nay chung toi gidi thieu mot so khdi nicin ve qua trinh ngau 
nhien vdi thtii gian rtii rac vdi minh hoa lh cac qua trinh trong thi chinh. 
Chaong nay cung gidi thieu mot s6 phai sinh thi chinh nha: quydn hta chon 
kieu An, Jcieu My, ... vh mot so phaong phap dinh gin trong rao hinh thi trating 
vtii thtii gian rtii rac. 

ChifOng 3. Mo hinh nda hen tuc va ehuyen dong Drown. 

Chaong nay gidi thieu cac in 6 hinh ml a lien tuc, nipt so khdi niem ve qua 
trinh ngau nhien vdi thtii gian lien tuc va doe biet ia chuyen dong Drown - mot 
qua trinh thating daoc sd dung dS mo td nhdng biin dong ngau nhien trong 
r!t nhidu linh vac ma dhc biet la trong mo hinh tai chinh vtii thtii gian hen 
tuc. 

Chaong 4. Tinh toon ngdu nhien va ting dung. 

Chaong nay nghien ctin co so tfnh toan ngUu nhien: Tich phan I to, edng 
thde ltd, tich phdn ngau nhien Stratonovich, ... thating daoc sd dung trong tai 
chinh. 

Chaong 5. Phaong trinh vi phan ngdu nhien va i fng dung. 

Chaong nay gidi thieu ve phaong trinh vi phan ngdu nhien, mot. edng cu 
thating gap do xay d\lng cac mo hinh tai chinh vtii thtii gian lien tuc. Tren cO 
sd tinh toon ngau nhien 6 chaong trade, chiing toi gidi thieu phaong phdp gidi 
mot sd Idp phaong trinh vi phan ngau nhien thudng gap. Dd gidi quyet cac 
bdi toan thac td, dac biet Id cac bdi toon trong tai ehihh, chung toi cung gidi 
thieu d day mot so phaong phap giai sd cac phaong trinh vi phdn ngdu nhien 
vh mo phong Idi gidi cac mo hinh tai chinh thating ghp. 

D5 xay dang mot giao trinh co sd ban dau vi Toan thi chinh vdi khoi litOng 
kien thde toan hoc khong nang him nhang du dS co thd nghien cifti cac. chuyen 
rnon sau hon , phu hop vdi ddi taong lh sinh vien cac trating hinh ti va mot 
sd tradng khong chuyen vi kinh te lh dieu khong de dang. Qua nhiiu buoi 
Seminar, thao /nan tai Xhoa Toan kinh te - trdting Dai hoc Kinh te Qude dan, 
chung toi quyet dinh chon each tiip can ciia Steven Shreve: Mo hinh rtii rac 
—+ Mo hinh nda lien tuc —* Mo hinh lien tuc. Do Idn ddu daoc bicn soon nen 
giao trinh nay khong tranh khoi nhang thieu sot. Kinh mong nhan daoc sif 
gap y va chi bao cua qny vi doe gid. 


Ha Noi, thdng 10 nam 2010 



Chifc/ng 1 

Cac tfnh toan tai chinh cd ban 

Chitting nay gidi thicu mot so khai nioin ind din ve ciu true thi tnfdng tai 
chmh va cac tinh toan cd ban nh&m giup ngudi doc co duqc hinli dung ban dkn 
vh nhitng quy tic tinh toan thildng gap trong hhiing giao djeh tai chinh (xcm 
cac tai lien [1], [7|, (9,). Mot so van dd tai chinh cong ty cuiig dude do cap cimg 
vdi viec siif dung bang tinh Excel. Da s6 cac cong tilde tinh toan dupe xem xet 
d day dcu tap trung van sir thay doi cua platting phap ehiet khau dong tien. 
chi phi von dau tit va ty suat ma dong tien mSt cua cong ty dupe ehiet khau 
so vdi gia tri cua cong ty. Trong tain la cac van de ve thue/mua co bam co 
srt dung phuong phap cho vay tifdng duong. Phan ouoi cua chitting nay dc cap 
den phan tich tai chinh cua cac hop dong thue tai chinh co vay nd; ty le hoan 
v6n thco phifdng phap nhieu giai doan vdi ty suat noi hoan hon hop (IRR). va 
vice srt dung Excel do xac dinh ty le nay. Noi dung cu the ciia chirong gorn: 

• Gidi thicu vd thi trudng tai chinh. 

• Mot so tinh toan tai chinh co ban: 

— Lai don, lai gpp. 

— Gia tri hicn tai rong (NPV). 

— Ty suat noi hoan (IRR). 

— Gia tri titdrig lai. 

— Tien litdiig va car vdn de tlcli luy. 

— Lai suit luy tien lien tuc. 


• Mot so nghiep vu chting khoan. 



8_ Co sd Turin ta i drink 

1.1 Gidti thieu ve thi trufcfng tai chinh va mot 
so khai niem cd ban 

1.1.1 Gidi thieu vc thi trufdng tai chinh 

Thi trudng tai chinh tinging dirdr can true nhu hinh 1.1, trong do ear to elide 
va ca nhan thain gia thi tntbng co the ohia thanh cac nhom sau: 

Nha dau tif (Individuals)'. La nhdng ngitcJi thitc sit mua va bail chdng khoan 
tren thj tritbng chdng khoan. Nha dau td co the dupe chia thanh 2 loai: nha 
dau tit ca nhan va nha dau tit co td elide. 

Nhh phat hanh (Corporations): La cac to chdc, cong tv co phan tlure liien huy 
dong v6n thong qua thi trdcJng chdng khoan. Xha phat hanh la ngddi cung 
cap cac chitng khoan - nguon hang hoa ciia thj tritPng chdng khoan. 06 inor 
s6 loai nha phat hanli sau: 

- Chinh phii va clhnh quyen dia phddng phat hanh cac trai phidu Chinh 
phu va trai phicu dia phddng. 

- Cong ty phat hanli cac cd phicu va trai phieu cong ty. 

- Cac td chdc tai chinh phat hanh cac cong cu tai chinh nhu c ac trai phicu, 
chdng chi quy, ... phuc vu clio boat dong cua ho. 

Cac trung gian thi chinh (Financial Intermediates): Ban gom: 

- Cac td elide kinh doanh tren till trite lag eh dug khoan: Cong ty chdng 
khoan, Quy dau tit chdng khoan, Cac trung gian tai chinh: Xgan hang dau ur. 
cong ty bao idem, ... 

- Cac td elide co lien quail den thi trilbng chdng khoan: Co quan quail 
ly Xha nude, Sd giao dich chdng khoan, lliep hoi cac nha kinh doanh chdng 
khoan, To chdc lttu ky va thanh toan bii trd chdng khoan, Cong ty dich vu 
may tinli chdng khoan, Cac to chdc tai trp chdng khoan, Cong ty danli gia lie 
so tin nhiern, ... 

7’hi t rutting chitng khoan (Security Markets): Thi trddng chdng khoan dupe 
quan niem la ndi dion ra cac hoal dong giao dich mua ban chdng khoan trung 
va dm han. Vice mua ban nay dupe ticn hanh cf thi trudng sd cap kill ngitcJi 
mua mua ditdc chdng khoan lan dau tit nhdng ngdbi phat hanh. va 6 nliftng 
thi trudng thd cap khi co sir mua di ban lai cac chdng khoan da dupe phat 
hanh d thi trudng so cap. 
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llink 1.1: Can true thi t rifting tai chink 

Nhif vay, xet ve mat hinh tlnic, thi trirbng cluing khoan la ndi difm ra cac linat 
dong trao dbi, nma ban, chuyf'n nhirong car giay tb co gia tri thubng gpi la. 
cluing khoan nhtf: trai phicu, co phieu, quyen lira chon, hop dong titong lai. ... 
qua do t-hay dni chii the ndm gifr cluing khoan. 

Thi tnidng cluing khoan cb nhfmg chtic nftng c a ban sau; 

- Huy dong von ddu ttf cho nen kinh te. 

- Cuug cap nidi trirbng dau tit cho cong chung. 

- Tao tmh thanh khoan cho cac cluing khoan. 

- Danh gia boat dong cua doanh nghiep. 

- Tao rrioi trirbng giup Chfnh phu thuc hien cac chinh sach vT mo, 

Thi frifbng chung khoan boat dong theo cac nguyen tde ed ban sau: 

- Nguyen tdc ('bug kiiai. 

- Nguyen tac tnmg gian. 

- Nguyen tac dau gia. 

Ngubi ta thubng phan loai thi trubng cluing khoan theo mot so each smi: 

• Can cii vao sir luan chuyfin cac nguon von, thi trubng cluing khoan dime 
chi a thanh thj trirbng so cap va thi trubng thii cap. 
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- Thi tracing sd c4p la thi tracing mua ban car, chirng khoan mbi phat 
hanh. Tren thi tracing nay, von tit nha dan nr se ditdr rhuven sang nha 
phat hanh thong qua vice nha d&u tu mua cac cluing khoan mdi pliat 
hanh. 

- Thi tnrbng tint cAp la noi giao dich cac chung khoan da dirqc phat hanh 
tren thi tracing sd cap, dam bao tinli thanh khoan cho cac chiing khoan 
da phat hanh. 

• Can ch vao phirdng thiic heat dong eua thi tracing, tin tracing chiing 
khoan ditdc phan thanh thi tracing tap trung (Sd giao dich chirng khoan) 
va phi tap trung (thi tracing OTC). 

• Can cir vao hang hoa tren thi trifdng, thi tradng cluing khoan cung c6 th 6 
diroc phan thanh: thi tracing c 6 phieu, thi tracing trai phieu, thi tracing 
cac cong cu chiing khoan phai sinh. 

- Thi tracing cd phieu la thi tracing giao dich va mua ban cac loai c6 
phicu, bao goin cd phieu thubng. co phicu au dai. 

- Thi tracing trai phieu la thi tracing giao dich va mua ban cac trai phieu 
da dupe phat hanh, cac trai phicu nay bao goin cac trai phieu cong ty, 
trai phicu do thi va trai phicu Chinh phii. 

- Thi trudng cac cong cu chufng khoan phai sinh la thi trudng phat hanh 
va mua di ban lai cac chiing tir tai chinh khac nha: quyen mua cd phicu. 
cluing quyen, help dong quyen chon... 


1.1.2 Mot so khai niem trong thi tru’dng chtfrig khoan 

Trong thi tracing cluing khoan. hai loai tai sail nguyen tlmy thudng dude dem 
ra mua ban la cd phicu va trai phieu. 

Cd phiSu (Stock, Share) la loai chiing khoan phat hanh bdi cong ty dc tirh 
huy dong v6n cho boat, dong kinh doanh ciia ho. Gia co phicu bicn dong phu 
thuoc vao tinh trang xa hoi va boat dong kinh doanh ciia cong ty. Ngudi gift 
rd phicu co quyen tharn gia boat dong kinh doanh cua cong ty (t.hudng theo 
nguyen ly “mot co phieu - mot la phicu”) va nhan cd tiic. 

Trai phicu (Bond) la giay ghi no phat hanh bdi nha nude, ngan hang, cong 
ty cd phan, va cac td chiic tai chinh khac. Trai phieu gdn lidn vdi cac chiing 
klioan vi the dai han, gia tri cua trai phieu tang len theo thdi han vdi mot lai 
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su4t. co dinh hoar thay doi. Co lihieu loai trai phidu nhu: tai khoan ngan hang 
(bank account), trai phieu Chinh phu (treasury bond), trai phieu cua cac cbng 
ty (corporate bond), ... 

Then tap quan, ngudi ta thudng goi trai phieu va c6 phidu la cac chxtng 
khoan co sd (Underlying securities) hoac tai san cd sd (Underlying asset). Trcn 
till trudng chufng khoan, ngoai cac tai san co sd, ngudi ta thudng giao dich nhiou 
loai tai sail khac goi la cac chxtng khoan phdi sink . 

Chtfng khoan phai sinh (Derivative securities) la mot chifng khoan ma gia tri 
cua no phu thuoc vao cac tai san co sd: c6 phiem trai phieu... 

Khong giong nhu cac chiing khoan co sd, cac chtfng khoan phai sinh lien 
tuc sinh soi so luong, cac phai sinh nidi ducfc kieu \no lien tuc. Do vay, viec 
xay dung ly thuyet dinh gia cac cluing khoan phai sinh va quail ly rui ro cua 
cluing mdi la miic dich chinh cua Hull vuc Toan tai clunh. 

Hai loai chung khoan phai sinh thudng gap la guy in chon va hdp ding 
tUdng lai. 

Quyen chon (Option) la mot hop ddng tai chinh cho phep ngudi giu no duoc 
quyen mua hoac ban (nhung khong bat buoc) mot tai san co sd (ching han: 
cd phidtu tien te. ...) tai mot. thdi diem nhat dinh vdi gia da xac dinh. 

Quyen chon tai chinh bao gom quydn chon mua va quydn chon ban. Mot 
quyen chon mua (call option) hoac ban (put option) la hop dong ma cho phep 
ngudi gift no quyen mua (hoar ban) mot tai sail da qny dinh, duoc biet nhu 
mot tai san co ban, tai mot. ngay xac dinh (ngay dao han) vdi mot gia xac dinh 
(goi chung la gia thuc hien hay gia thuc thi (exercise price, strike price). Vi 
ngudi gifr quydn chon co quyen nhung khong co nghla vu mua hoac ban mot 
tai san. anil ta se dua ra quyet dinh phu thuoc vao su thoa thuan co loi cho 
anh ta hay khong. Quyen chon goi la duoc thuc hien khi ngudi gift no chon 
mua (hoac ban) tai sail. Neu quyen chon chi co the thuc hien vao ngay dao 
hail thi quyen chon do duoc goi la quyen chon kiOu Au (European option), neu 
quyen chon dupe phep t.hur. hien tai hat ky thdi diem nan tir ngay ky hop) dong 
cho den ngay dao han, thi no duoc goi la mot quyen chon kieu My (American 
option). Quyen chon mua va ban don gian ma khong co dftc tritng nao dar biet 
goi chung la quyen chon vanilla (plain vanilla options). Ta cung thudng gap 

mot s6 dang quyen chon khac nhu: quyen chon kieu A (Asian option), quyen 
chon ngtftfc (lookback option), quyin chon rao can (barrier option), v.v... 

Gia quyen chqn phu thuoc gia cua tai sail cd ban. De miuh hoa. ta xet mot 
quyen chon mua ma gan thdi diem dao han va gia hop dong la 100 USD. Gia 
sur gia hien tai cua tai san la 98 USD, khi do gia quyen chon mua gan vdi 0 vi 
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gin. tai san khong rang vUdt qua 100 USD trong mot thdi gian kha ngAu. Tuy 
nhien khi gia tai sari la 102 USD r ill gia quyon chon miia gan k6t thuc khoang 
2 USD Do do, gia quyon chon niiia bifni dong thoo gia tai san. Noi each khao, 
khi ngudi dau \M buon ban car tai sail od bail dan den tac dong tdi gia ca, ciia 
quyon chon. 

Khi ThUdng than hop dbng, ngudi t.ham du ky hdp dong vdi ngifdi girt quyon 
chon gqi la ngudi phat hanh hay ngudi ban (writer) quyon chon. Ngudi gif/ va 
ngudi phat hanh quyen chon tUdng ling gqi la vi the dai ban (trtfdng vi) va vi 
the ngfm han (doan vi) eiia hdp dong (given chon. Khong gidng nhit ngudi gift 
quyen chon, ngtfdi phat hanh co boil phan quail tain tdi hdp dong quyon chon, 
ngudi phat hnnh can phai ban tai san neu ngifdi mua chon mua tai sail. Day 
la mot trd eh i« c6 tong bang khong (zero-sum). Ngudi giii quven chon kiem 
dude tit sir tluirJ 16 eua ngudi phat hanh hoac ngUde lai. De dang nlian thay 
gia quyon chon eon phu thuqe van gia hdp dong (thuc hien), thdi gian tdi thdi 
diem dao hail va gia hien tai (gia tlure to) eua tai san. 

Hop ddng tildng hii (Futures contract) la mot hdp d6ng giu a hai ben dc mua 
hofte ban mot tai san tai mot thdi diem tat, dinh trong tUdng lai vdi mot. gia 
da xae dinli. 

Thu hoach (Terminal payoffs): Xet mot quyOn chon mua kidu Au vdi gia thue 
hien X va gia sit ky hieu Sr la gia eua tai sail cd ban vao ngay dao han 7\ N hi 
Sj > X thi ngudi gift quyen chon mua sc chon thuc hien hdp dong vi auh ta 
co the mua tai san co gia trj Sr vdi gia A'. Ngudi giu kiem elude tir quyen chon 
mua nay St — X ddn vi tien te. Tuy nhien, neu St < X. thi ngudi gift quyen 
chon mua se bi mki quven thuc hien quyen chon vi anh ta co the mua tai sail 
nay tren thi trudng vdi gia nho hdn hoac bang gia thuc hien X da biot. Thu 
hoach til vi th6 dai han (vi the eua ngudi giu) trong mot quyon chon mua kieu 

Au nay la. 

max (S'-/’ - AUO). 

TUdng t.u, thu hoach tit vi the dai han trong mot quyen chon ban kieu Au la: 


max(A - Sr. 0), 


vi quyen chon ban se chi dUdc thi.fr hien neu Sr < A", khi ma. thay vi SV, 
tai san dude ban vdi gia X cao hdn. Trong ca quyen chon mua va quyen chon 
barn thu hoach la khong am. Cac tinh chit nay cua quydn chon rat tU nhien 
bdi cluing chi (hide thuc hien neu thu hoach la dudng. 
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Pin quycn chon (Options primeuni): Vi rigubi phat hanh quycn chon cd track 
lihiem trong lifting iai. anil ta cfm phai durtc nhan mot khoan plif fin ngilbi 
giijf quycn chon Ira trade khi ca hai ky vao hop dong quyen chon. Mot quan 
diem Ilia chon la: ngildi gift quycn chon dildc ban dam nhan mot. thu hoach 
khong am, anh ta c4n phai tra mot khoan phi khi nhap vac tro rhoi quycn 
chon. De dang nhan thfiy phi quycn chon phu thuoe vao gia hop dong (t.lnlc 
hien). thbi gian tdi thcJi diem dao ham gia hien tai (gia tlitfe tO) cua tai sail. 
ldi sudt (interest, rate) hien hanh va mure do ngau nhien - goi cluing la do bun 
dong gia (volatility) cua gia tai sail. Mot can hoi til nhien la: Phi quycn chon 
(thudng goi la gia quyen chon hay gia tii quycn chon) la nlnl the nao cho dep 
de t.rd chui la cbng bang cho ca hai ben ngubi phat hanh va ngubi gift quycn 
chon? Chung ta se tra ldi can hoi nav trong cac phan sail. 

Danh muc dau fur (Portfolio) la vice ket hop so hffti tit hai tid len car khoan 
dan tit: co phicu. trai phicu. hang hoa. bat dong sail, cong cu lifting dildng lien 
mat, hay cac tai sail khac bdi nha dau ta ca nhan hay nha dau ta to chile. 
Mile dicii c\ia danh muc dau ta lh lam giam nii m bang each da dang hoa cac 
loai liinh dau ta. 

Chien httlc dau tit (Trading strategics ) la chien hide plian bo von dau ta (xav 
dung danh muc dau til) nham dat irnit dich dau ta. 

Chien hide til diSn chinh tai chi'nh (Sclhfnmneing strategics) In chien hide dau 
ta 111 a khong co ngudii tai chinh dude them vao hoac rut. ra tit nguon dan ta 
got' Clu phi do gianli diTOc them mot so ddn vi cluing khoan trong danh muc 
dau ta mbi chide dam ban tai clunh bdi vice ban mot vai ddn vi cluing khoan 
khac trong danh muc dau ta cm 

Ngnven lv khong cd ldi (khong nma ban song hanh-Nonarbitragc Principle)' 
Mot yen can cd ban trong cac mo hiiih dinh gia tai chinh hdp ly la khong ('6 
cac cd hoi cd ldi (cd hoi dau cd true ldi), ma dude goi la nguyen ly khong co 
ldi hay eon goi la khong mua ban song hanh. Nlnf mot vi du cho mot cd hoi 
cd ldi, gia sir gia cua mot cluing khoan da cho trong cac tlii tracing A va B la 
99 USD va 101 USD tudng ling. Gia sit khong co chi phi giao dich. ngUdi ta 
co the klioa ldi nhuiln rui ro la 2 USD cho mot co phicu bhng each mua tai 
A vdi gia 99 USD va ban tai B vdi gia 101 USD. Nha moi gidi, ngubi ma tien 
hanh mbi giao dich. dude goi la mot ngitcli cd ldi. N^u t.hi trilbug tai chinh 
boat dong dung, moi cd hoi cd ldi khong the xay ra vi nha moi gidi rat tinh 
tao va ho phan ring lai ngay lap tote dO canh tranh trong moi mot cd hoi, Tuy 
nhien, khi co chi phi giao dich, mot sir khac biet nlid trong gia ca co the van 
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con. Vi du, neu chi phi giao dich cho rmia va ban trong ca hai thi tracing A va 
B la 1,5 USD, thi tong chi phi giao dich la 3 USD cho mot cd phieu He kh&u 
tri* van may cua ngudi rmia ban song hanh trong cd hoi cd Iqi do su sai khac 
gia cd phieu la 2 USD. 

Mot. ccJ hoi cd ldi co the djnh nghia nlnr mot chien luoc muu ban tu dicu 
chinh tai chinh khong you cau dau ta ban diu. khong co kha nang gia tri am 
tai thdi diem dao ham va con co kha nfmg dat ldi suit dUdng. 

Phong ho (Hedging): Xeu ngudi phat hanh quyen chon nma khong dong thdi 
sd hfru bit ky mot ladng tai san cd ban nao, thi anh ta goi la mot vi the trdn 
(naked position) vi anh ta co the thing ldi ldn ma khong can phong ho khi gia 
tai san tang Inn dot rigot. Tuy nhifm, neu ngudi phat hanh quyen chon so hfru 
mot ladng tai sail cd ban nao do, sa thua lo trong vi the ngin lian ciia quyen 
chon nma khi gia tai san tang co the dude den bu befi ldi lai kiem daoc trong 
vj the dai hail ciia tai san cd bam Chien lade nay dude goi la phong ho, d do 
sa rui ro trong danh nine din ta dUdc giain sat. bdi hai mat doi lap trong hai 
tai san ma co taang quail am vdi nham Trong mot trang thai phong ho lioan 
chinh. ngadi phong ho phoi hdp mot quy€n chon rui ro va mot tai san cd ban 
rui ro theo mot ty le tlrieh hdp dang mot vi the rui ro ma bieu dien giong nha 
mot. trai phieu ta do mac djnh kiem dupe lai suat rui ro. Xguyen ly phong ho 
rui ro la nen tang cua ly thuyet dinli gia quygn chon ma chung ta sc nghien 
ctiu sau nay. 

1.2 Cac tinh toan tai chinh cd ban 

1.2.1 Mot s6 nghiep vu tai chinh 

Tidn lai (interest) 

Tien lai la mot khai nitim dupe xcm xet difdi hai goo do khac nhau: got' do 
ciia ngudi cho vay va ciia ngadi di vay. 

- 0 goe do ngitdi cho vay hay nha dan ta v6m t.mn lai la sd tien tang them 
tren sd von dau ta ban dau trong mot khoang thdi gian nhat dinh. Khi nha 
dfm ta dern dau ta mot khoan von, nha dau tif sc thn dupe mot. gia tri trong 
tUdng lai ldn hdn gia tri da bo ra ban dau va khoan chenh lech nay dude goi 
la tien lai. 

- 0 got: do ngadi di vay hay ngadi sii dung von, tien lai la so tien ma ngudi 
di vay pliai tra cho ngadi cho vay (la ngadi chu sd hufu von) do daoc sd dung 
vdn trong mot thdi gian nhat dinli. 
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Khoan tien di vay (hay bo ra d4 cho vay) ban dau goi la von goc. So tibn 
nhaii difOr tri klioan von goc sau mot khoang thbi gian nhat djnh goi la gia tri 
tich luy. Trong thbi gian cho vay, ngifbi cho vay co the gap phai nhring mi ro 
ninr: ngubi vay khong tra lai hoar khong hoan tra v6n vay. Nhirng rui ro nay 
so anh hirbng den tibn lai ma ngubi cho vay du kion trong tUOng lai. 


Lai su4t (interest rate) 

Lai suat la ty so gitfa ticn lai thu dircic (phai tra) so vdi von dau tit (von vay) 
trong mot don vi thbi gian. 

_ , Lai thu duoc (phai tra) trong mot don vi thbi gian 

Lai suar. =- 7 - 7 - 1 - 

Von goc 

Don vi thbi gian la nam (trri trubng hop cu the khac). 


Lai dcfri (Simple Interest) 

Ve phifOng dicn tai chfnh, lai la khoan ticn sink ra tif khoan von da bo ra tTong 
qua trinh dku tif (eli&ng han: cho vay. dau tu sail xuat, kink doanh, ...) sau 
mot thbi gian xac dinli. PlnTOng thric tmh lai tlieo lai ddn la phuong tlnirc tfnh 
toan ma tif;n lai sau moi ky khong diroc nhap van von do tmh lai cho ky sau. 
Tien lai ciia moi ky dfm dude tfnh then von goc ban dau va deu bang nhau. 
So ticn lai phu thuoc tTUc tiep van: S6 von, thbi gian d5,u tu va lai suat. 

Ncu ta goi Co la so von ban d&u, r la lai su&t ciia 100 don vi tien te. T la 
thefi han if nil tlieo n£m, I la so tien lai, t hi cong thric tong quat de tmh sb lai 
don nhit sau: 

j Cq x r x T 

~ Too ‘ 

Trong tritbng hop do dai thbi gian tmh tlieo thang. ngay thi trong cong tlnifc 

Tl 

trim ta t.hay T = — hoac T — —— tuong ring vbi rn, n la so thang, so ngay 
12 360 

din tir (Quy irbe mbi nam 3C0 ngay va mbi thang 30 ngay, trong mot so t.rribng 
hop cu the, co the tmh so ngay chmh xac eua dau tif va quy dinli so ngay ciia 
moi nam la 365 dbi vbi nam thifbng va 366 rtoi vbi n5m nhnan). 

Vi du 1.2.1. Mot khoan von gbc la 5 trieu VND ditoc dau tif trong 3 nam 
vbi lai su5t don la 7%/nam. Gia tri tich luy ciia khoan von nay vao cubi nam 
thif 3 la: 


C 0 x(l + 3xr) = 5(l + 3 x 0,07) = 6,05 trieu VND. 
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Vl du 1.2.2. Vao ngay 08/03/2006. mot ngircii dau tu gui vao ngan hang -10 
trieu VXD vdi lai suat ddn la 8%/nam va rut. tidn ra van ngay 11/09/2006 
(183 ngay tinh thco quy Udc tren). Tien lai anh ta thu dude la: 


40 x 8 x 183 
36000 


1.626667 trieu VXD. 


Vi du 1.2.3. Mot ngudi dau tu gui 30 trieu VXD vao ngan hang vdi lai suat 
8,2%/nam. 

So tien ciia ngudi do san 45 ngay la: 

30x8,2x« = 075 trieu VND. 

36000 


So tien ciia ngudi do sau 1 nam la: 

30 x S. 2 x 1 


30 4- 


100 


- 32, 46 trieu VXD. 


Chidt khau thco lai ddn 

Nghiep vu chict khau thudog ditdc: ap dung cho eac thudng phieu (ky phieu 
t’liLfdng mai). 

Thuong phieu la chnfng tit bieu thi mot quail he tin dung, mot nghia vu 
tra lien dUdc lap ra tren cd sd cac giao dicli thitdng mai. Tuy thco luat. phap 
ciia titng nude ma thitdng phieu co the gom toan bo hay mot so loai sau: hoi 
phieu, lenh phieu, sec, phieu lifu kho. 

Hoi phieu: La mot td lenh tra tien vo dieu kien ciia mot ngudi (dude gpi la 
ngudi ky phat) gifi cho ngudi khar (goi la ngitdi bi phat) dP yeu cau ngudi 
nay tra ngay hay tra trong mot t.hdi han xae dinh so lien ghi tren hoi phieu 
cho ehmh ngitdi ky phat hoac cho mot ngudi xae dinh ditdc goi la ligUdi ditdc 
hudng. 

Lenh phieu: La mot. giav cam ket. vd dieu kina do mot ngitdi lap ky ten. gui 
cho mot ngudi khac. cam ket minh sc tra, vao luc xuftt trinh hoac vao mot 
ngay co dmh mot khoan tien cho ngudi do hoac cho ngudi ditdc huong. 

See : La td lenh tra tien vd dieu kien ciia ngudi ehu tai khoan tichi gui khoug 
ky han tai ngan hang, ky phat cho ngan hang, yeu cau ngan hang nay chi tra 
sd tien ghi t.ren sec cho ngudi dude hudng. 

Phieu htu kho: La chting tit do ngitdi chu kho cong cong ho&c do ngUdi phu 
tiiii'li rang efip cho elm hang hoa, xar nhan da nhari hang hda del luu kho. 
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Phieu luu kho la mot chting tit sd hufu hang hoa co the dupe chnyen nhudng 
hang each ky hau va trao tay. 

ChiSt khau thco hli defn: La nghiep vu qua do ngan hang danh cho khach hang 
dude quyen sue dung cho don ky hail cua thitdng phieu mot khoan lion cua 
thudng phieu sau khi da trir khoan lai phai thn (trie tien chief, khau va cac 
khoan chi phi chiet khau). 

Mcnh gia: La khoan tien dude ghi tren thUdng phieu, ky hieu: C. 

Gia tri hicn tai: La khoan tien sau khi da khau trir chiot khau, ky hieu: V. 

Ky hieu E la so tien chiet khiu, ta co: V = C — E. 

Thitcmg co hai loai chiet kh4u: Chiet khau thUdng mai (ky hieu Ec) va 
chief khau hdp ly (ky hieu Er) 


36000 

trong do n la so ngay giao dich va 


Er= ?xV - C - Ec 
36000 

/•>^ l '" Xryn . C^V + Er 


v' = 


36000 x C 
36000 4- r x n 


Tit do: 


Er = 


C x r x n 
36000 + rxn 


Vi du 1.2.4. Mot thitdng phieu co thdi han 45 ngay, neu chiet khau theo 
phudng phap hdp ly vdi lai suat 2,5%/nSm till tien chiet khau cua thifdng 
phieu la 85,25 ngliin VXD. Menh gia cua tliifdiig phieu do la: 


C ~ 


Er x (36000 4- r x n) 
r x n 


85,25 x (36000 + 2,5 x 45) 
2.5 x 45 


27365,24 nghln VND. 


Lai gop (Composed Interest) ( 

Mot khoan von (gift ngan hang) dUdc hifdng lai gop klii sau ky gift ban dau 
tien lai tlm ditdc so dude gop vao khoan von ban dPiu va chinh khoan lai do lai 
tao ra s6 lai d thcJi ky tiep theo va tiep tuc nlnt vay cho den ky gift cuoi cung. 
Nhu vay, phifdng thiifc tinh lai theo lai gop la phtfdng thric tlnh toan ma tien 
lai sau mdi ky dude nhap vao von de d&u tU t.i4p va sinh lai cho ky sau. Thong 
thudng, doi vdi cac giao dich tai chinh, lai suat dude sit dung la lai gop. 

Ngitdi ta goi do la tntdrig hdp lai ditdc von hoa. 
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Vi du 1.2-5- Mot ngudi dAu tu gun 10 trieu VXD van ngan hang va luffing Lai 
sunt 5%/nam. Den ruoi nam t.hh nhat dug ta duor lai 0,5 trieu VND de gop 
vao khoan von ban dAu thanh 10.5 trieu VND. Don cuoi nam tint hai ong ta lai 
gop them khoan lai 0,525 trieu VXD va co 10, 5i 0. 525 = 11,025 trieu VND. 
Khoan von nay dCn cu&i nam thti 3 se duoc khoan lai 0,55125 trieu VND. Vay 
non ngudi dan tit gui trong 3 nam thi ngudi do so nhan dupe khoan tien la: 
11.025 4- 0.55125 - 11,57625 trieu VND. 

Mot rarh tfing quat ta eo cong there tlnh so tien thu dupe then lai gop C n 
sau n thdi ky nhif sail: 

C»-C fl x(l + r) n (1.1) 

hay dudi dang logarit: 

log On - log Co 4- n log( 1 4- r), 

trong do Cq la so von ban dau. n la s6 thcii ky giri von (tucmg ifng v6i thcii ky 
cua lai suat.), r la lai suAt cua mot dcfn vi tien te. 

Xeu goi I n la so lai eho den cuoi thdi ky thu n y ta co: 

In = C n - Co = Co x (1 + rf - Co - C 0 x [(1 4- r) n - 1]. 

Vi du 1.2.6. Mot khoan von goe la 5 trieu VND dupe dAn tu trong 3 nam vdi 
lai snAt gop 7%/nam. Gia tri tich luy cua khoan von nay vao cuAi nam lhit 3 
la: 

Co x (1 + r) 3 = 5x(l + 0,07) 3 = 6, 125215 trieu VXD. 

Vi du 1.2.7. Mot ngudi dAu tu gui 10 trieu VXD vao ngan hang vdi lai suat 
5%/nam va so lai gop vao vdn 6 thang mot lAn. Tmh so tien thu ditde cua 
ngudi do sau 8 nam. 

Giai; Do lai gop vao v6n 6 thang mot lAn lien lai suat. cua mot. dun vi tien te 
la r — 0. 025 va s6 thcii ky lai gop vao v6n la n — 1G. Then cong t liufc (1.1). so 
tien thu dupL cua ngudi do sau 8 nam la: 

Cie = 10 x (1 4- 0, 025) 10 = 14, 84506 trieu VXD. 

Vf du 1.2.8. Mot ngudi dau tu inong muon thu clupc 37.0061 trieu VND sau 
10 nam. Tmh so von ngudi do phai dau tu biet lai suAt la 4%/nam. 

Giai. TiY cong thric (1.1), so von ngudi do can dau tu la: 


Co- 


37,0061 

(1+0,04) 


10 


= 25 trieu VND. 
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Chi6t kh&u thco lai gop 

Trong nghicp vu tai chinh dai han (trcn mot. nam). vice sU dung nghicp vu 
chief khau thifdng mai la khong pirn hdp vi no dan den sai so ldn; vi vay. ngudi 
fa chi sir dung nghicp vu chief. khau hdp ly thco lai gop dc tinh so lien chief 
kh&u rtf gia tri hi (in tai hop ly. 

Goi E la so ticn chi CM khau thco lai gop, V" la gia tri hien tai hop ly cua 
thudng phicu. ry" la s6 lai gop cua V n . n la so t.hdi ky gift v6n. Ta co: 

C - V" + r v » = V" + V" x [(1 + r) n - 1: = V" x (1 + r) T \ 

Do vay: 

Q 

V n — - -7— (cong thife hicn tai hoa mot khoan von). 

(1 + r) n * 


Tit do ta co: 


E - C - V " ~C - 


C 

(1 + r) Tl 


(1 4- r) n 


Vi du 1.2.9. Mot thildng phicu 15 tricu VXD co Midi han 5 nam, dude chief 
khau thco lai suat chict khau G,5%/nam. Tinh gia tri hicn tai ciia thifOng phicu 
do va so ticn chict khau. 

Giai : Gia tri hicn tai ciia r hitting phicu: 

V" = -P—- - 10,9482 triAu VXD. 

(i + o,oe5) s 


So t-i&n chict khau: 


E - 15 - 10,9482 - 4, 0518 tricu VXD 


Vl du 1.2.10. Mot cluing khoan co gia 25 trieu VXD dupe chict khdu vdi lai 
sufit 8% /nam. Tinh th&i han ciia cliting khoan do, biet gia tri hicn tai cua no 
la 19,111 tricu VXD. 


Giai: Ta co 


19 ; 111 


25 

(1+0,08)^ 


Suy ra 


n — 1 ° 6 ( 1,081 


(T) 


Do do 7i = 3, 5 nam. 
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A 

B | C I D 1 E 1 

1 


Table 1.1 

.2 

Ty £ chi4t khdu 

10% 

± 

Gia tn hi£n tai 

$379.08 <•.=NPV(B2.B7 B11) 

6 

Ndm 

Dbng ti4n 

7 


1 100 

8 


2 100 

9 


3 100 

10 


4 100 

11 


5 100 


Hinh 1.2: Bang 1.1. 


1.2.2 Gia tri hien tai va gia tri hien tai rong 

Mot nghipp vp quan trong trong t&i chlnh la xac djnh gia trj hien tai cua cac 
d6ng tien nha.ii du^c theo thdi gian. Viec nhan difdc tien m^t (hay dong tien 
nhu chung ta hay g<?i) c6 thi phi ngau nhien hokc ngau nhien. Ca hai khai 
nipm, gia trj hi£n t$i (Present Value - PV) va gia trj hien tai r6ng (Net Present 
Value - NPV), deu lien quan den gia tri horn nay cua car dong tien mat trong 
tifcJng lai. Gia set chung ta dinh gik mot khoan dau tir 100 USD/n&m vao cuoi 
nam nay va trong 4 nam tdi; gia sii co 5 lan thanh toan, moi lan 100 USD, 
char chan se duoc thuo hien. Neu ngan hang tra lai suat hang nam 10% trong 
thdi han 5 nam thi lai suat 10% nay chfnh la chi phf cd hoi cua khoan dau tir. 
la ldi nhuan di chung ta so sknh eke lua chon dau tit. Chung ta co the xac djnh 
gia trj cua khoan dau tit bang each chiet khau cac dong tien mat vdi chi phi 
cd hoi la ty le chiet khau (xem bang 1.1). Gia tri hien tai (PV) 379,08 USD 
clnnh la gi& tri horn nay cua khoan dau tit. Gia sit khoan dau tit nay difdc dem 
ban vdi gia 400 USD. Ro rang chung khong dang gia dl mua, bdi vi so vdi ldi 
nhuan thay thi hudng lai suat 10% (ty le chiet khau). khoan dau tu nay chi 

d&ng gik 379,08 USD. 6 day, chung ta pliai kp dung khki niem gik tri hien tai 
rong (NPV). G<?i r la ty le chiet khau cua dau tit thi NPV difdc tfnh nhit sau: 


N 

NPV = CF 0 + £ 

t=l 


CF t 

(1 +r)' 


trong do CF t lk dong tien mat cua vipc dau tu tai thdi diem t va CFq la dong 
tien m^t hien tpi (xem bang 1.2). 

Chu y 1.2.1. Ngon ngti Excel ve ddng tien m&t chiet khau khac vdi ngon ngU 
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-*- 

— 

B ! c“ 

— 

D 1 E I F | G I H - 

1 ■ Ty £ chi4t khiu 


10% 



2 Ty 1$ nOi ho4n (IRR) 


7,931% =IRR(B0 B11) 

3 Gia in hi£n tai thuan (NPV) 

$20,92**. 


=B6+NPV(B1.B7 B12) 

TjNam 


Dong ti£n 



6 

0 

-400 



7 

1 

100 



8 

2 

100 



9 

3 

100 



10 

4 

100 



11 

5 

100 



12 

13! BANG VAY 





U =-B6 


V6n g6c Thanh toan 

Phan chia thanh todn 

15 

<J&u ndm cu6i mOi 


thanh tri g6c va tri I3i 

16 ] Nam ' 

-_ 

n3m 


Lai G6 c 

J7j 

1 

400 

100 

31,72 68,28'*-=C17-D17 

WJ 

2 

331,72 

100 

/26.31 73,69 

19 


^58,03 

100 

/ 20,46 79,54 

201 / 

^4 

178,50 

100 

14,16 85,84 

. 21 1 

5 

92,65 

>00 

7,35 92,65 

22 1 / 


/ 

f 


23>1=B17-E17 


=$B$2'817 



Hinh 1.3: Bang 1.2. 


trong thugt ngd tai chink tieu chudn. Excel sit dung cdc chit cdi NPV di chi 
gid tri hien tgi (chd khong phai gid tri hien t(ii rdng) cua cdc ddng tien m&i. 
Muon sii d\ing Excel di xdc djnh gid tri hi?n t(ii rdng tai chink cua cdc ddng 
tiin mdt, chung ta phai tinh gid tri hi$n tg.i cua cdc ddng tien m$t tiCdng lai 
(sit dung ch-dc ndng Excel NPV) rdi trd di ddng tien tai thdi diem 0 (thong 
thudng day la chi phi cua tai sdn dang sd dung). 


1.2.3 Ty le noi hoan va bang vay 

Chung ta tiep tyc vdi bai to&n 6 myc tren. Gia suf chung ta tra 400 USD cho 
dong tien mat nay. Ty le npi hoan (IRR) dude xdc dinh nhu ty le lai gop (r) 
sao cho gia tri hipn tyi cua dong tien (NPV) bang 0: 


— E^-°. 


Hhm IRR cua Excel se giai quyet van de nhy. IRR la ty 1$ hoan von hon hop 
cua khoan dau tir. Luu y rang IRR bao gom tat ca car khoan tien mat trong 
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Hinh 1.4: Bang 1.3. 


dau tit, kl ca khoan tien mat thit nhat cua qua trinli nky (trudng hdp nay la 
so - 400, xem bang 1.2). 

Bang vay chia moi thanh toan tai san thanh phan tien lai va phan von goc 
hoan tra. Tien lai cuoi moi nam bang ty le IRR nhan vdi von goc vao dau nam. 
Von goc cua dau nam cuoi cung (trong vi du tren la 92,65 USD - xem bang 
1.2) pkai dung bSiig tien tra von goc vao cuoi nam do. 

Chung ta hoan toan c6 till s\jf dpng bang vay de tim ty le noi hoan. Hay 
xcin xet mot dau tit liipn tai vdi chi pin 1000 USD ma sc dupe hoan tra toan 
bp vao cuoi cac nam thd 1, 2, 5 vdi lai suat du kien la 15%. Theo vi dy 

tren, ty le IRR cua khoan dau tit nay se ldn hdn 15%. Trong vi du nhy cluing 
ta them 6 (B16). Neu lai suat trong 6 B3 chac chan bang IRR thi 6 B16 phai 
la 0. Bay gid chung ta co thl s\3f dyng chdc nang Goal Seek cua Excel (nam 
trong thanh cong eu Tools) dc xae djnh IRR (xem ket qua trong bang 1.3). 

1.2.4 Ty le noi hoan hon hdp 

Dong tien mat doi khi co hon mQt gia tri IRR. Trong vi du sau, c.hung ta co 
the noi rang dong tien mat trong c4c 6 tit B35:B40 co 2 gia tri IRR do do thi 
NPV cat tryc hoanh tyi 2 dilm (xem bang 1.4). 

Ham IRR cua Excel cho ph£p chung ta duoc them mot tharn so de tim ca 
2 IRR. Thay vi viet IRR(B8:B13), chung ta viet (B8:B13, bien du bao). Bien 
du bao la thain so bat dau cho tlmat toan mh Exc<4 sit dung de tim IRR; bang 
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_ A _B 

J OA TY N6l HOAN 


2 

3 Ty 1$ chi4t kh4u 6,00% 
NPV 

XI 

6 

7 | nam 

8 


10 

1 iT | 

u£ 

13 

14 

’ 15 i 

16 

17 , 

18 

19 

20 

X 

22 

23 

24 

25 

31 

32 




$3,99 =<-NPV(B3.B9 B13)>88 

Ty 14 

chi4t kh4u 

D6ng ti4n =-NPV(F8 $B$9 $B$13) 

0 -145 

1 100 

2 100 

3 100 

4 100 
-275 


NPV „ , 


-5 « 

f 0 1 0.2 04 

0.5 

• 10 ■ 

/ 


-20 

/ 


-21 

Chiit ktiiu 




IRR tm> nhir 878% =IRR(B8 B13 0) 

IRR tfu> hai 26,65% =IRR(B8 B13 0 3) 


Hinh 1.5: Bang 1.4. 


each dieu chinh bien du bao, chung ta co the x&c dinh ca 2 IRR. 0 B32 va 
B33 nriinh hoa eho dieu do. 

Ve thao tdc tren, chung ta can luu y 2 dieu: 

1. Bien dtf b&o it khi sat vdi IRR do chung khong duy nhat. Trong vi dp, 
dat bien dir b&o bang 0,1 va 0,5, chung ta van se c6 ket qua IRR giong nhir 
tren. 

2. De xac dinh so va gia tri xap xi cua c&c IRR, viec sdf dung bien dif bao 
cho phep iihaii dupe tipn ich nlid do thi XPV cua khoan dau tir nlnr la mot 
ham cua can ty le chict khau (nhu chung ta da lam): Khi do, ty 1$ npi ho&n la 
nhtrng diem ma do thi cat tai true hoanli, va vi tri gan nhfmg di£m nay dupe 
sii dung nhu bien dp bao trong ham IRR. 

Xet tit quail diem ky thuat, dong tien mat co the co IRR phtic hpp cln khi 
co it nhat 2 lan tliay doi dau. Nhieu dong tien mat “dien hinh” chi thay doi 
1 lan dau. Chang hpn, chung ta xem xet dong tien mat tir vipc mua mpt tr4i 
pliieu co gia tri danh nghla 1000 USD vdi ty l£ lai (coupon) 10%/nam, va tlidi 
gian dao han 8 nam. Neu gia thi trudng hipn tai cua trai phieu la 800 USD thi 
dong tien mat chi bien doi 1 lan (tir am cua nam thu 0 sang difrtng cua car 
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Co so Todn tai chi'nh 


LI_ A 

_1_B_L 

C 1 D | 

E 

—f'zt 

G 1 H 1 i | ] 

fT DONG Tl£N TRAI 

phi£u 




2 


Bang s6 li$u 



3 Nam 

D6ng ti£n 

Tac dOng cua ty 1$ 



4 

0 -800 

chi6t khdu ten NPV 



1 

1 100 


SI 000.00 

51 200 

Gia tn hien tai cua trdi phteu 

6 

2 100 

0% 

$1 000.00 



7 

3 100 

2% 

S786.04 

Si 000 


8 

4 100 

4% 

$603,96 

ssoo • 

\ 

9 

5 100 

6% 

$448.39 

NPV V6CC . 

\ 

10 

6 100 

8% 

$314 93 

S*CC 

\ 

11 

7 100 

10% 

$200,00 


\ 

12 

8 1100 

12% 

$100.65 

520C 


13 


14% 

$14.45 


\ ' 

14 IRR 

14,36% 

16% 

($60 6?) 

-5200 

0.05 0.1 0.15 "-^42 C 25 

15 


18% 

(SI 26,21) 

-S400 

Ty 14 chtet kfiiu 

16 


20% 

($183,72) 




Hlnh 1.6: Bang 1.5. 


n&m thuf 1 den thii 8). Vi vay mk dong tien mat do chi' co 1 IRR (xem bang 
1.5). 

1.2.5 Lich thanh toan nhtfng khoan nh \i nhau 

Mot van de khac: Ban di vay 10000 USD vdi lai suat 7%/nam. Ngan hang 
muon ban chon mot day thanh toan de tra hot ca tien vay lan tien lai trong 
6 nfim. Chung ta co the sir dung ham PMT cua Excel de x&c dinh moi nam 
phai thanh to4n bao nhieu (xem bang 1.6). 

Lifu y, chiing ta dat “PV”, thuat nguf cho tien goc cua khoan vay ban dau 
trong Excel bang dau trti. Neu khong Excel se cho gia tri am (mpt chut phien 
toai nho). Ta c6 tha xac nhan ket qua tren bang c&ch tao ra bang vay (b?m 
dpc co the xem nhu mpt b4i tap). 

1.2.6 Gia tri tufting lai va ap dung 

Chung ta bat dau vdi mot trUdng hop ph6 bien. Gia scf ban gift vao tai kho&n 
1000 USD vdi thdi ban 10 nain va tai khoan d6 duoc hudng mtic lai suat 
10%/nam. Vay den cuoi nam thur 10 b^ui se co bao nhieu tien? Theo nhu bang 
1.7 dudi day, so tien do se la 2593,74 USD. 

Gi4 trj tUdng lai cua 1000 USD trong 10 nam vdi lai suat hang nam 
10%/nam cung cd the dUdc tmh tr\fc tiep nhu sau: 

FV = 1000 x (1 + 10%) 10 = 2593,74. 





Chitdng 1. C&c tmh toon tki chlnh cd ban 


1 

2 

3 

Vay g6c 

10000 

I_JCH THANH TOAN 

4 

Lai sudt 

7.00% 


5 

Thin gian tr£ h6t n<y 

6 


6 

TrS hang nam 

$2 097.96 

=PMT(B4.B5,-B3,0) 


n 


Function Arguments 


S3 " °* 07 

BH 

S3- -10000 


- 2097.957998 

CatcUates the payment for a loan baaed on constant payments and a constant interest rate. 


Pv a the present value: the total amount that a series of future payments « 
worth now. 


Fortrxi* resjt - 


Hinh 1.7: Bang 1.6. 


Gia trj tu'ong lai dort gian 

10 . 00 % 


Cdn d6i TK Lai thu 
dau ndm trong nim 


T6ng dir TK 
cu6i nam 


=$B$3"B8 


0 \ 1000 
1 ^ 1100 
2 1210 

3 1331 

4 1464,1 

5 1610,51 

6 1771,561 

7 1948,7171 

8 2143,5888 

9 2357.9477 
10 2593.7425 


100 1100s 

110 1210 

121 1331 

133,1 1464,1 

146,41 1610,51 
161,051 1771,56 
177,1561 1948,72 
194,87171 2143,59 
214,35888 2357,95 
235,79477 2593,74 


Hinh 1.8: Bang 1.7. 















C() so T0A11 tki chinh 
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A_1 

B I 

c 

D 

§1_F.. 

i G ] H I 

1 

Gia trt tirong lai cua Khoan ti$n giX hang nam 


2 

3 

L§i su^it 

10% 





4 

’ 5 ; 

Nfim Can d6i TK Ti£n gih L3i thu 

S6 du- 


6 

dau nam 

ddu nam trong nam 

cu& nam 


7 





-- 

- =(B8+C8)*$B$3 

e 

0 

0 

1000 

100 

1100*- 

- =B8+C8+D8 

| 9 

1 

1100 

1000 

210 

2310 


10 

2 

23101 

' 1000 

331 

3641 


11 

3 

3641' 

1 1000 

464.1 

5105 


12 

4 

5105.1 

1 1000 

610,51 

6716 


13 

5 

6715.61 

1 1000 

771.561 

8487 


14 

6 

8487 171 

1 1000 

948 7171 

10436 


15 

7 

10435.89 

\ 1000 

1143 5888 

12579 


16 

8 

12579,48 

\ 1000 

1357 9477 

14937 


17 

9 

14937.42 

\ 1000 

1593.7425 

17531 


18 

10 

17531,17 

1 




19 



=E8 




20 

JGid tn tirong lai 


$17 531,2 ■ 

«-=FV(B3,A18,-1000„ 1) 


Hinh 1.9: Bang 1.8. 


Bay gid chung ta xem xet trixdng h^p sau phufc tap hdn mot chut: ban du 
djnh md tiep mpt tki khoan tiet kiem. Tien gift ban dau cua ban trong nam 
nay la 1000 USD va vao dau car nkin th\Jf 1, 2, den 9 rung nhu vay. Neu lai 
suat hang nam 10% thi den dau n9m thur 10 trong tai khoan cua ban so co bao 
nhieu tien? TrUdng hpp nay c6 thd de dang lap bang Excel (xem bang 1.8). 

Vi vay, theo bang 1.8, vao dau nkin thuf 10 chung ta so co 17531.17 USD 
trong tki khokn. Chung ta cung co the thu dude ket qua tUdng tu bang kp 
dung cong there tinh tong cac gia trj tirdng lai cua moi khoan tien gui. 

T5ng so tien vao dau n&m thir 10 lk: 


10 

1000 x(l + 10%)'°+1000x (1+10%)®+...+1000x( 1+10%)' = ^ 1000x(l+10%)'. 

1=1 

Lifu y r&ng trong 6 D20 cua Excel c6 chufc nang FV tmh t6ng nay. Hop 
thoai cua chufc n&ng FV co dang nhu trong bang 1.9. 

Ve chufc nkiig nay chung ta lifu y 3 (lieu sau: 

1 Chufc nkiig FV se cho lai am doi vdi khoan tien giiti dudng. Co thi giai 
thfch cho viec tai sao lai dkt. chudng trinh tln.fr liien chufc nkng theo each nay. 
nhifng nhin chung rung khong ro rang. Vi vay, de tranh cac con so am, chung 
ta dkt Pmt bkng -1000. 

2. Dong PV trong hpp thoai ap dung cho trUdng hpp tki khoan co gia tri 




Chitcmg 1. Cac tinh toan tai chfnh cti ban 
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Hinh 1.10: Bang 1.9. 


ban dau khac 0 khi lien hanh gdi tien. Trong vi du nay. dong nay dude dkt 
ben trai, chi rkng gia tri tai khoan ban dau bang 0. 

3. Nhu chung ta thky trong hop thoai, “Type" (bang 1 hokc 0) chi viec gijfi 
tien ditor thuc hien vao dau hay cuoi moi tlicfi ky. 

1.2.7 Tien ltfdng va anh hifcfng den gia tri ttfcfng lai 

Ta xet m$t vi du dien hinh: Gia sii hien nay ban 55 tu6i vk du dinh ve huu 
khi 60 t.uoi. De dam bao tai chfnh khi ve huu, ban du djnh md mot tai khoan 
huu tri: 

+ Vao dau cac nkm thuf 0, 1, 2, den 4 (chkng hail bat dau tit horn nay va 
trong 4 nam tiep theo), ban du djnh giii tien vko tki khoan huu tri va duoc 
hudng lai suat 8%/nam. 

+ Den 60 tudi khi ve huu, ban du doan se phai song them 8 nkm nua (tat 
nhien la ban con muon song lau hon the!). Trong mSi nkm nky, ban muon rut 
30000 USD ttr tai khoan huu tri va so du tai khoan van so tiep tuc dude hudng 
lai suat 8%/nkm. 

Vay hang nkm ban se phai gift bao nhieu tien vao tai khoan? Bang tinh 
1.10 sau day se chi ra each ma ban co the de dang bi nham trude van de nay. 
Trong trudng hup nky, ban tinh tokn rkng trong vong 8 nkm de moi nkm co 
30000 USD, ban can giiri vao moi nkm 240000/5 = 48000 USD trong 5 nkm 
dau tien. Theo bang tinh, sau 8 nkm ban se co rat nhieu tien (ly do la ban da 





Co sd Toon tai chfnh 
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A IB C 1 0 

E 

X 

o 

u. 

1 

2 

Bai toan liKmg huu 


3 

L3i suat 8,00% 



- 4 

Ti4n gui h£ng r&m 29387 



S 

Luang huu hang n£m 30000 

i 

=(D10+C10)*SBS3 

_6_ 

7 

Nam C3n d6i Ti6n gm L3i thu / 

Sddu 

8 

dlu n£m d£u nam trong nSm / 

cu6i ndm , =C10*D10+E10 

1 


i 

10 

0 0 48000 

3840,00 

51840,00 

11 

1 51840 48000 

7987.20 

107827,20 

12 

2 107827 48000 

12466,18 

168293,38 

13 

3 168293 48000 

17303,47 

233596,85 

14 

4 233597 48000 

22527,75 

304124,59 

15 

5 304125 -30000 

21929,97 

296054,56 

16 

6 296055 -30000 

21284,36 

287338,93 

17 

7 287339 -30000 

20587,11 

277926,04 

18 

8 277926 -30000 

19834,08 

267760,12 

19 

9 267760 -30000 

19020,81 

256780,93 

20 

10 256781 -30000 

18142,47 

244923,41 

21 

11 244923 -30000 

17193,87 

232117,28 

22 

12 232117 -30000! 

16169,38 

218286,66 


Hinh 1.11: Bang 1.10. 


bo qua anh hiTdng rat ldn cua lai suat tmh gop, neu trong b&ng tinli dat lai 
suat bang 0 thi b$n se thay rang ban l&m dung). 

Co 2 each d! giai quyet van de nay. C&ch dau tien la suf dung Solver cua 
Excel trong thanh cong cu Tools. Click vho Solver, hOp thoai xuat hi£n va 
chung ta dien vao c&c gia tri da cho. Neu bay gid chung ta click v&o hop Solve, 
chung ta se thu dtfdc ket qu4 (xem bang 1.11). 


Suf dung cac cong thtfc tai chfnh de giai quyet van de tien lifting 

Chung ta co the ap dung giai phap thong minh hdn cho van de n&y neu hi£u 
duqc qua trinh chiet kliau. Gia trj hiun tai cua toan bo cac lan thanh toan 
dtfdc chiet khau 8% phai b&ng 0: 


4 


E 

t =o 


Tien gtfi ban dau 

( 1 , 08 V 


12 


-E 


30000 

(1,08V 


= 0 


=> Tien giii ban dau = 


E 12 30000 

t=5 (1,08)* 

E 4 1 

t=0 (1,08)* 






ChifOng L Cactfnh toan tai chi'nh CO ban 
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A 

b I c ; 5 r 

E , F G H | 
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Bai toan lisong him 


3 

L3i suit 

8,00% 


t 4 |T»£n gai hAng ndm 

29387 



Luang huu hAng ndm 

30000 

i=(D10+C10)*$B$3 

O 

l 


NAm CAn d& TK TiAngui LSi thu / S6 du- 

8 

9 


dAunAm dAunAm trongnAmJ cu6i nAm^, =C10+D10«-E10 

10 


0 0 29386,6 

2350,92 31737,48 

11 


1 31737,475 29386,6 

4889,92 66013,95 

12 


2 66013,948 29386,6 

7632,04 103032,54 

13 


3 103032,54 29386,6 

10593,53 143012,62 

14 


4 143012,62 29386,6 

13791,93 186191,10 

15 


5 186191,1 -30000 

12495,29 168686,39 

16 


6 168686.39 -30000 

11094,91 149781,30 

17 


7 149781,3 -30000 

9582,50 129363,81 

18 


8 129363,81 -30000 

7949,10 107312.91 

19 


9 107312,91 -30000 

6185,03 83497.94 

20 


10 83497,942 -30000 

4279.84 57777.78 

21 


11 57777,778 -30000 

2222,22 30000,00 

22 


12 30000 -30000 

0.00 0.00 

23 

24 

Ti> s6 

126719 *- =1/(1 ♦SBS3P4*PV(B3,8,-30000) 

25 

MAu s6 

4.31 «- =PV(B3,5,-1 ,1) 

_21 

Ti^n gui hAng nAm 

29387 «•- =B24/B25 



Hlnh 1.12: Bang 1.11. 


Chung ta co the suf dung chute n&ng PV cua Excel d§ tmh ck tuf so phia 
ben phai: 


V"* 30000 1 ^ 30000 i f 1 , 

Sow = (w£w'" mauso S(W (xembangU1) ' 


1.2.8 Lai gop lien tuc 

Gia sii b^n guti 1000 USD vao tai khoan ngan hhng Vdi lai suat hang nSm 5%. 
Den cuoi n&rn ban se co 1000 x (1,05) = 1050 USD. Gia suf bay gid moi nSm 
ngan hang thanh toan cho ban 2 lan theo lai suit 2,5%. Sau 6 thdng, ban c6 

1025 USD, va sau 1 nam se la 1000 x ^1 4- = 1050,625 USD. Theo 

logic nay, neu moi nftm ban nlian dtfdc n lan thanh toan till den cuoi n5m tien 

cua ban se tang len 1000 x ( 1 H—-—j = 1050,625 USD. So n cang ldn thi 

tien cua ban se cang ldn, tien den (rat nhanh nhif ban se diXOc thay ngay sau 



Co sd Tonn tai chinh 
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' r a r 

B 

Cl D T~ E 1 

r 11 


Lai gpp nhieu ky 

it 

3 iTiingui bandiu 

1000 


4 LSI suit 

5% 


5 i S6 ly hu6ng tai gop trong n<im 

2 

S6 ky Gia tn 

[~6| tai suit m6i ky 

0,025 

hudng I5i cudi nam 

7 1 COng d6n trong 1 n5m 

1050 63 


8 LSi gOp k&n tyc v6i ham Exp() 

1051,27 

1 1050,00 



day) bang e 0,05 ma trong Excel se sii d\mg ham Exp. Khi n dan tdi vo han, 
chung ta nhan dupe mot qua trinh lai gop lien tuc. Nhu ban thay trong bang 
1.12, trong 1 nam vdi lai suit 5% so tien 1000 USD dupe luy tien lien tiep den 
cuoi nam se thanh 1000 x e 0,05 = 1051,27 USD. Luy tien lien tiep trong t nam, 
so tien se tang len 1000 x e 0,05xt USD. 


Quay tref lai van de tai clifnh - Chiet khau lien tuc 

Neu trong qua trinh luy tien lien tiep, vdi lai suit r trong thdi h^n t nam, so 
tien tang dan den e rt thi trong chiet khau lien tiep, so tien giam dan trong 
cung ky la e~ rt . Vi vay, dong tien m&t C t hign tgi trong t nam va dupe chiet 
khau vpi ty le phufc hpp lien tiep r se la Ct x e~ rt (xem minh hoa trong bang 
1.13). 


Tinh lai gop lien tuc trf dti lieu ve gia 

Gia sir tai tlipi diem 0, ban co 1000 USD trong ngan hang va 1 nam sau ban 
c6 1200 USD. Vay phan tram lai la bao nhieu? 





Chitting 1. Cac tfnh toan tai chink cti ban 
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S . C 1 

Lai su§t 8% 

o _]_ E 1 F J 

~G~] 

24 



25 

26 
ii 
28 

NSm 

1 

2 

Gia tn hiGn tai 

Dongti4n chi4t khau li£n tuc 
100 92,31163 

200 170,4288 


29 

3 

300 235,9884 


30 

4 

350 254,1522 


31 

5 

400 268,128 


32 



33 

Gia tn hi$n tai 

1021,009 =SUM(E27 E31) 


Hinh 1.14: Bing 1.13. 


Niu moi n&m ngan hang chi thanh toin 1 lan thi lai se la 20%: 

1200 


1000 


- 1 = 20 %. 


Tuy nhien, neu ngan hang thanh toan moi nim 2 lan thi ban se can ap 
dung cong thtfc sau de xac dinh lai: 

1000 x (l + 0 = 1200 => r = f yjj—j -1 = 9, 5445%. 

Do d6, % lai h&ng n&m khi moi n&m dupe thanh toin 2 lan la: 

2 x 9,5445% = 19,089%. 

Torn lai, neu moi nftm difdr thanh toan n lan thi ban se co: 


r = 


1200 \ 
1000 ) 


l/n 


- 1 


va khi do lai hang iiam dupe nhan len ttfdng umg. Neu n vo ciing ldn thi ket 
qua hoi tu den: 

1200 ' 


r = In 


1000 


= 18,2322%. 


Lai gop va cliiet khau lien tyc thudng dupe sue dung trong cac ti'nh toan 
ve tai clrinh. tfnh lai trong danh muc dau tu va die biyt la c&c thill to&n ve 
quyen mua c6 phan. Mot ly do do su dung lai gyp lien tuc 1 h vl phudng phap 
nay dua ra ket qua nhanh. Ch&ng han. gia sue sau 1 n&m 9 thing, von 1000 
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Co sd Toantai chi'nh 


1 _A_ L 

B | C 

D E 1 F 1. G l H i 

37 Ti4n gt>i ban dau 

1000 

L§i suit nam voi 

38 Gia tn cu6i nam 

1200 

each tinh gOp n ky 

39 Sikytinhiai 

2 


40 Lai suit nam 

19,089% «- 

- =((B38/B37) A (1/B39)-1 )*B39 19,089% 

41 


1-20,000% 

42 L§i suit liSn tuc 

18,232% «- 

- =LN(B38/B37) 2 19,089% 

43 


/4 18,654% 

44 


/ 8 18.442% 

45 


/ 20 18,316% 

46 


/ 50 18,265% 

47 


/ 100 18,249% 

48 


=(($BS3#$B$37) A (1/G41)-1 )*G41 


Hinh 1.15: Bang 1.14. 


USD cua b$n t5ng thanh 1500 USD. V^y ty 1? lai hkng n&in la bao nhieu? De 
tra ldi cau hoi n&y, each de nhat va cung phu hop nhat la tfnh lai hang n&m 
dude gop lien tuc. Sau 1 nSm 9 thang tile 1,75 n&m, lai bang: 

1000 X exp [r x 1,75] = 1500 =;• r = —In = 23,1694%. 

I* l\) 1UUU 


1.3 Mot so nghiep vu giao dich chufng khoan 

Ta da biet thi trUdng chufng kho&n la ndi mua ban cac giay td co gia tri nhu: 
co phieu, trai phieu, ... c4c mua ban nay thtfdng dildc time hi$n qua sd giao 
djeh chiifng khoan. Day la mpt thi trUdng co td chufc ch$t che, tai do, chi nhiifng 
thanh vien cua sd mdi dude mua ban cho ban than mlnh ho&c cho ngudi khac. 
Vice mua ban dude tien hknh theo nhiing the 1<? nhat dinh. C&c thanh vien cua 
sd giao dich chiifng kho&n difdc^chia lam hai I 09 .i 1 Ngudi moi gidi cht'/ng kho&n 
va ngudi kinh doanh chiing khoan. 

Ngudi moi gidi chufng khoan boat dong vdi tu each 1 h ngudi dai ly mua hoac 
ban chufng khoan cho ngudi khac: cho edng chung, cho ngirdi moi gidi chufng 
khoan khac ho&c cho ngirdi kinh doanh chufng khoan. Ngirdi mdi gidi chufng 
khoan khong dude mua chufng kho&n cho minh, ho dude hirdng hoa hong mdi 
gidi quy djnh s&n theo tufng loai chufng khoan mua, b&n. 

Ngudi kinh doanh chufng kho&n boat dong khong phai vdi tU each la ngudi 
dai ly trung gian nhu ngudi mdi gidi chufng khoAn m& lip mua, b&n chufng 
khoan cho ban than minh. 




Ch itdng 1. CAc tinh to An tAi chink cci ban 
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So giao dich chdng khoan la mot loai thi tracing tif ban cho vay dai ban, tai 
do ngddi mua. ban rhu you la cac chdng khoan dai ban (co phieu, trai phieu). 
Giao dich tai sd giao dich chdng klioan thddng mang tlnh chat dau cd. 

Ilang ngay sd giao dich chdng khoan cong b6 gia ca cua nhtfng giao dich 
mua. ban chdng khoan da dicn ra trong ngay, trong do bao gom gia md cda va 
gia dong cda, gia thap nhat va gia cao nhat. Thong thudng gia chdng khoan 
dado xac dinh cho mot chdng khoan. Tat ca cac nghiep vu tren thi trudng 
chdng khoan don phai ganh chiu car. chi phi dd la d6i vdi ngddi mua hay ngddi 
ban bao gom: Hoa hong moi gidi danh cho nhtfng ngddi moi gidi, thue cua so 
giao dich, lc phi tinh tren hoa hong moi gidi. 


1.3.1 Nghiep vu trao ngay 

Vice chuydn giao chdng khoan cua ngddi ban thong qua moi gidi cua ngddi 
ban va vice ngddi mua tra tien thong qua inoi gidi cua ngadi mua dddc thac 
hicn tdc thdi hoac trong thdi ban rat ngam Vi^c chuycn giao chdng khoan va 
thanh toan tien chdng khoan cung co the thue hifn true tiep gida ngddi moi 
gidi chdng khoan vdi ngddi kinh danh chdng khoan. Dieu nay tuy thuoc vao 
quy dinli cua moi ndde. 

Ngddi moi gidi trao cho khach hang mot bang ke mua chdng khoan hoac 
bang ke ban chdng khoan noi chi tict vc so tien, ve hoa hong moi gidi va nhdng 
chi phi khac. 


Vf du 1.3.1. Mot ngudi mua thco nghiep vu trao ngay 50 co phiCu cua cong 
ty ABC vdi gia 108000 VND/ed phieu. Tinh so tien ngddi do phai tra biet 
rang hoa hong moi gidi la 0,007, le pin dia phddng tinh 2.83% tren so tien hoa 
hdng va thue sd giao dich tinh 6% tren so tidn hoa hong. 

Giiii: So tien cua 50 co phieu la 108 x 50 - 5400 nghin VND. Ngddi do phai 


tra them: 

- Hoa h5ng moi gidi: —= 37, 8 nghin VND. 

37,8 x 2,83 

- Le phi dia phudng: --= 1,0 7 nghin VND. 

- Thue sd giao dich: — 32, 4 nghin VND. 

Vay ngddi do phai tra tdng cong la: 5400 4- 37, 8 + 1,07 4- 32,4 = 5472, 27 


nghin VND. 
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1*3.2 Nghicp vu ky han 

Trong nghicp v\i ky han cua thi trudng chring khoan, ngirdi ban va ngudi rmia 
thoa thuan tile thdi tmh chat, so lifting, gia ca cua chring khoan nhifng vice 
trao chufng khoan va thanh toan se dude thtfc hien vao mot ngay sau do goi la 
ngay thanh toan. 

Sau vice thanh toan, ngudi moi gidi chring khoan co traeh nhiem trinh bay 
vdi khach hang cua ininh ve tai khoan thanh toan da thuc hien. 

Thi trudng co ky han la llnh vUc dau ca. Moi nha dau cd deu hy vong co 
sir bien dong vS gia ca chring khoan co Idi cho rninh dien ra giria thdi diSrn ket 
time giao dich va thdi diein thanh toan, nhuf vay ho sc kiem dude mot. khoan 
ldi do die nil lech gia ma khong can bo von. Ro rang day la mot tro chdi ma 
ngudi lining kiem dUde dua tren sit rui ro cua ngudi khac. Viec xay dung chien 
lift Jr dau tir rung nhu clii plii hdp ly trong car hdp dong de tranh rui ro luon 
dude quan tain trong thi trudng- Chung ta se trd lai van de nay trong cac 
clnrang sail. 

Ngudi ta thudng phan chiacac nghicp vu co ky han trong thi trudng chring 
khoan nhif sau: 

- Nghicp vu c6 ky han dirt diem. 

- Nghicp vu co ky han bii hoan mua. 

- Nghiep vu co ky ban co tien cUdc. 

- Nghiep vu phoi hdp. 


BAI TAP 


Bai tap 1.1. Ban dUde cliao mua mot tai san co gia 600 USD ma vao cuoi 
moi nam trong vong 10 -nam co dong tidn mat 100 USD. 

a) Xeu ty le chiet khau tlifch hdp cua tai sail do la 8% thi ban co non mua hay 
khong? 

b) Ty le IRR ciia tai sari do bang bao nhieu? 

Bai tap 1.2. Ban di vay 10000 USD trong 5 nam. Thanh toan vao cuoi moi 
nam khong thay doi (moi n8Lm deu giong nhau) theo lai suat 15%/nS.m. Hay 
tmh bang vay dung, bicu thi chi tiet von goc va lai ciia tling; nam. 

Bai tap 1.3. Ban gSp mot tinh huong dau til vdi cac dieu kien sau: 

+ Chi phi dau tu la 1000. 
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— Cnoi nam dau ticn. ban dan tir mot klioan X\ trong 11 nam khoan ticn dau 
m tang theo ty Ip 10%/nSLm. Neu ty Ip chidt khiu la 15%, hay tfnh so tion X 
bo ra nho nhat se hap din ban dc mna tai sail, 

Bai tap 1.4. Hay xac dinh thanh loan pliai tra den hang nam do tra hot 
klioan vay 100000 USD theo thfti ban 5 nam va chin mire lai suit 13%/nftm. 

Bai tap 1.5. Ban vay 15000 USD mua oto. Khoan vay nay co thdi ban 48 
thang vfii lai suit hang nam 15% (ngan hang se chuydn thanh lai suit thang 
15%/12 = 1,25%/thang). 48 lan thanh loan (ditde tilde hifm vao cnoi moi 
thang) dcu bang nhau. 

a) Hay xac dinh thanh toan hang thang pliai Ira cua khoan vay. 

b) Trong bang vay, hay xac dinh von goc con lai vao dau moi thang va gia tri 
trung binh thanh toan hang thang cua lai va ticn Loan tra vfin goc. 

c) Hay chi ra von goc vao dau moi thang la gia tri hien tai cua cac thanh toan 
khoan vay con lai t.heo lai suat (dung chile nang PV). 

Bai tap 1.6. Ban dang xem xct vice mua mot oto cua mot nha dai ly dia 
plotting. Nha dai ly dita cho ban Ida chon 1 trong 2 each thanh toan sau: 

4- Ban co tlie thanh toan bang ticn mat 30000 USD. 

— ”Ki hoacli tra chain”: Ban co the thanh toan ngay cho nha dai ly 5000 USD 
ticn mat va 1050 USD vao cu6i moi thang cua 30 thang ticp thco. 

Cach khar dc thanh toan cho nha dai ly la ban pliai ticp can vdi mot ngan 
hang dia phudng ma sin long cung c5p cho bail nipt khoan vay 25000 USD 
mua oto thco lai suat 1,25%/thang. 

a) Gia sir ring chi phi co hoi la 1.25%. hay xac dinh gia tri hien tai cua tit ca 
cac lan thanh toan thco ke hoach thanh toan tra din cua nha dai ly St.fi. 

b) Nha dai ly sc tfnh lai suit ap thing bao nhicu? Ilay xac dinh lai suat nay 
bang cat'll lap trifle bang tinh cho toan bo 30 thang va tinh ty hi IRR. 

Bai tap 1.7. Ban dang xem xct nipt, ke hoach gin tict kiem thco do vao cuoi 
moi nam trong thdi ban 5 nam ban sc gift 15000 USD. Neu dc an dua ra mire 
lai suit 10%/nam till din cnoi nam ban se tfcli luy ditOc bao nhicu? Hay xac 
dinh so ticn nay bang each lap bang tfnh tlu.fr hien tfnh 2 lan, mot lan sir dung 
chile nang FV va nipt lan si? dung bang dan gian the hien so ticn tfcli luy vao 
dau moi nam. 

Bai tap 1.8. Lam lai bai tap 1.7 nliirng lan nay gia si? ban gift 5 lan vao dau 
moi nam trong A nam lien ticp. Vay den cnoi nam tin? 5 ban se t.ich luy dupe 
bao nhicu ticn? 
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Bai tap 1.9. Mot quy tUdng ho da va dang quang cao rang neu moi thang 
trong 10 nam gS,n day ban da gufi 250 USD thi bay gid ban da oo 85000 USD. 
Gia sd ring vao dau moi thang trong thdi han 240 thang ban thitc hien gin 
tien. hay xac dinli lieu moi nam cac nha dau tif thu dUdc bao nhieu lai. 

Gdi y: Lap bang tinh rdi sir dung Goal Seek. Chung ta co the tinh lai hang 
nam thco mot trong hai each sau: 

1) (1 -f lai hang thang) x 12 — 1 : Day la ldi nhuan hang nam phtic hdp. va each 
nay dutfc dung nhieu hdn vi no cho phep tai dau tu so tien kiem duoc cua moi 
thang. 

2) 12x lai hang t hang: Phifdng phap nay thtfdng dUdc cac ngan hang suf dung. 

Bai tap 1.10. Ban nidi bade sang tuoi 35 va du dinli lap von tict kiem cho 
viec ve him. Trifdc kia, ban nghi trong vong 30 nam niia khi ve him (luc ay 
ban sc 65 tudi), ban mong muon trong 20 nam tdi mdi nam thu nhap cua ban 
se la 100000 USD. Hay xac dinh th nay den luc 65 tuoi. de co nguon tai chinh 
clio vice v§ him ban se phai tict ki$m bao nhieu? Gia sur nhu sau: 

-r Tat ca ticri tict kiem se difdc hildng lai suat. luy tien lO’/c/nS-rii. 

+ Lan lhanh toan diu tien ban tra ngay va lan cuoi cimg vao ngay ban bude 
sang tudi 64 (30 lan thanh toan). 

-f Ban rut tien lan cl&u tien khi ban 65 tudi va rut lan cuoi cimg khi ban 84 
tudi (20 lan thanh toan). 

Bai tap 1.11. Ban co 25000 USD trong tai khoan tiet kiem cua ngan hang 
dtfdc hirdng mdc lai suat 5%/nam. Cong vice kinh doanh ciia ban can 25000 
USD, va ban dang xem xet 2 kha nang: 

a) Stf dung tien trong tai khoan ti6t kiem ciia ban. 

b) Vay tien cua ngan hang theo lai suat 6%/nam ma v5n gill tien trong tai 
khoan tict kiem. 

Nha phan tich tai chinh ciia ban de xuat chon each (b). Guii tlnch ciia anh 
ay la: dong sc tien lai phai tra cho lai su&t 6%/nam thap hdn so tien thu dude 
tft khoan tien gift 25000 USD trong eung ky. Theo ban giai thich nay co dung 
khong? Hay lap bang tinh rriinh boa. 
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Mo hinh ngau nhien trong tai 
chinh vdi thcfi gian rcfi rac 


Chvrdng nay trinh bay nhbng khai ni^m cd ban cua thi trirdng tai chinh dirdi 
dang cac mo hinh ngau nhien. Cac mo hinh nay dude mo ta dtfa tren cac qua 
trinh ngftu nhien. Do ddn gian, chung ta chi xet cac qua trinh ngfui nhien vdi 
thbi gian rdi rac va minh hoa bdi mo hinh nhi phan. 

2.1 Mo hinh nhi phan 

Trong irme nay, chung ta xet mot mo hinh ddn gian mo ta gia chifng khoan 
goi la mo hinh nhi phan. Mo hinh nay se nhit mot cau noi giufa ly thuyet qua 
trinh ngau nhien va cac qua trinh tai chinh, dong thdi cung cap mot cong cu 
lihu leh de nghien ciiu ly thuyet djnh gia cd ldi (arbitrage) va ly thuyet xac 
suit. 

Xet mot mo hinh nhi phan mo ta gia chung khoan trong thdi gian rdi rac, 
tai m6i bilbc thdi gian gia cluing khoan se thay doi thanh mot trong hai gia 
tri co the. Gia siT ta khdi dau vdi mot gia chiYng khoan ban dau dirdng So va 
co hai so dudng d va u vdi: 

0 < d < n (2.1) 

sao clio tai thdi cliGm ke tiep, gia churng khoan sc la dSo hoar uSo. Chung ta 
sc lay d va u thoa man 0 <d<l<ud£ bilu dien gia chdng khoan tang til 

So tdi u5 u va giam tuf So xu6ng dSo. Thong thudng ta lay d ^ - trong hau 

u 

hot cac vi du trong giao trinh nay. Tuy vay, dG chat che, ta can gia thiet (2.1) 
va (2.2) se noi tdi sau nay. 
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DI nhien su bien dong gia cluing khoan trong thi/c te plnic tap hdn nhieu 
so vdi mo hmh djnh gia tai sail nhi phan. Ta xct mo hinh don gian nay vi ba 
ly do: Thii nhat, vdi mo hmh nhy, khai niem gid cd lpi va lien hp cua n6 vdi 
gia trung hoa rui ro dude soi sang ro rang. Thii hai, mo hinh dude sii dung 
trong thuc te vi vdi mpt so du. c4c budc thdi gian, no clio mpt xap xi tot cho 
mo hinh vdi thdi gian lien tuc. Thii ba, vdi ino hinh nhi phan chiing ta co th§ 
phat trien ly thuyet ky vong dieu kien va mart ingale-nhling ly thuyet trong 
yeu cua mo hinh vdi thdi gian lien tyc. 

Gia sii r&ng gia chiing khoan di Ion, hay di xuong d moi thdi diem ke tiep 
ling vdi trildng hdp ta tung mot dong xu vk thay xuat hien m&t ngiia (Head-ky 
hipu tat lh H) ho&c mat sap (Tail-ky hieu tat la T). Ky hieu gia tyi thdi diem 
1 bdi S\(H) = uSo neu ket qua cua phdp thii lh ngiia, va bdi S\(T) = cLSq neu 
ket qua la sap. Sau lan tung thii hai gia se la: 

Si(HH) = uS,(tf) = u 2 S„, S 2 (TT) = dS^T) = d 2 S 0 , 

Si(HT) = dS^H) = duS a , S 2 {TH) = uSi(T) = udS 0 . 

Sau lan tung thii ba, co 8 kha nang cd the cho dong xu, nhifng khong phai tat. 
ca cac gia cluing khoan tUdng ling tai thdi diem 3 khac nhau. 

Bay gid ta gia sii rang lan tung thii ba la lan cuoi cimg va ky hipu tap cua 
tat ca cac ket cue cd thi cua lan tung thii ba bdi: 

ft = { HHH , HHT, HTH , HTT, TUT , 77///, 777/, TTT}. 

Tap ft tat ca cac ket qua co the cua phdp thii ngau nhien dupe goi la khong 
gian mau cua phep thii, va bien c6 lj £ ft difdc goi la car dmm mau. Trong 
trudng hdp nay moi dilm mau lj la mpt day co dp dai 3. Ta ky hipu thanh phan 
thii k cua u bdi Uk- Ch&ng hyn, khi uj = HTH , ta co u>i = H,u >2 — T,lj 3 = H. 

Gia chiing kho&n Sj? tyi thdi diem k phu thupc vao cac phep tung dong 
xu. Viet mot each khac ta ky hieu Sk{uj). Thyc ra, ky hieu nay khong noi cho 
chiing ta toan bp sy vipc khi mh S 3 phu thupc vao mpi S 2 chi phu thupc vao 
hai thhnh phan dau tien cua u va So khong phy thupc vho uj. Doi khi chiing 
ta se sii dyng nhiing ky hipu nhu 52(1^1,1^) do ghi nhd chinh xac stf phu thuoc 
cua 1S2 vao uj = (tc>i,i-u>2,tJ3). 


Vi du 2.1.1. Gia sii So = 4,u = 2, d = Khi do ta cd cay nhi phan mo ta 

2 

gih chiing khoan trong Hinh 2.1. Moi diem mau u = (u\,u) 2 ,uJ 3 ) brnu dien mpt 
dudng cua cay. Vi vay ta co the coi khong gian mau ft nhu typ cua tat ca cac 
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Hinh 2.1: Cay nhj phan cho gia chdng khoan vdi So = 4, u = 2, d = -. 

ket cpc co th£ tCf ba lan tung dong xu ho&c nhu t$.p cua tat c k c4c dudng co 
the cua cay. 

De xay dung mo hinh dinh gia thi san nhj phan day du, ta gidi thieu mot 
thi trudng tien tp vdi lai suat r : Dau tu 1 USD vao thi trudng tien te d<? trd 
thhnh (1 +r) USD trong thdi didm kc tiep. Ta lay r la lai suat cho ca vay va 
tra (dieu nay rat tu nhien vi trong nhieu mo hinh dug dung, mpt ngudi inoi 
gidi vay ho£c tra (khong ca hai) vk biet su tang gia ma ong ta se lam, trong 
moi dng dung, ong ta phai lay r la ty lp lai suat cho hopt dong cua minh). 
Chung ta gia sir rang 

d < 1 + r < u. (2.2) 

Mo hinh se khong co y nghia neu ta khong co dieu kipn nhy. Chang han, neu 
1 + r > u thi lpi suat tren thi trudng tien tp luon it nhat la ldn hdn lpi suat 
cua cluing khoan vk khong ai muon dau tu vao chung khoan nda. Bat, dang 
thdc d > 1 + r khong the xay ra trd khi r la am ho&c d > 1. lYong trudng 
hop sau, chdng khoan khong thdc su di xuong neu chung ta nhan dUdc mot 
mat sap, no di len mpt chut neu chung ta nhan dupe mat ngda. Ngudi ta se 
vay tien vdi lai suat r vh dau tu vho co phieu vi ngay ca trong trudng hpp xau 
nhat. gia co phieu tang it nhat nlianh hon so up dupe sd dung de mua no. 

Vdi c 6 phieu la mot tai san chinh, gia sd ta x 6 t mot quyen chon mua kieu 
Au vdi gia K > 0 vk thdi gian het han 1 . Quyen chon nay cho phep mua co 
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phieu tai thcli di4m 1 vdi K USD vh vi the thu dupe S\ - K tai thdi diem 1 
neu S\ — K > 0 va la 0 trong trudng hop con lai. Ta ky hipu gia tri cua quyen 
chpn nay tai thdi diem dao han lh: 

= (Si(u) - K)+ = max^o/) - K, 0}. 

Dl nhien V\(u ;) thpc ra chi phu thupc vao u\ va doi khi chung ta co the viet 
V\(u\) thay cho Vi(tj). Nhipm vp trude tien cua chung ta la tfnh todn gia cd 
ldi cua quyen chpn nay tai thdi diem 0. 

Gia sd rang tai thdi diem 0 ban ban quyen chpn mua vdi gia Vo USD, d do 
Vo da xac dinh. Bay gid ban co nghla vu tra (uSo — A’) + neu lj\ = H va tra 
(dSo — K)+ neu u\ = T. Tai thdi diem ban b&n quyen chpn, ban cliUa biet U\ 
se lay gia tri n&o. Ban bao hp gia trj tam thdi cua ban trong quyen chpn bang 
c4ch mua Ao c6 phieu chting khoan, d d6 Ao van chua xac dinh. Ban co th4 sii 
dpng doanh thu Vo cua viec ban quyen chpn cho mpe dich nay. Neu Vo nhieu 
hdn so can thiet de mua Ao co phieu chdng khoan, ban dau tu tien con du 
(residual) vho lai suat r. Trong ca hai trudng hpp, ban se cc V Q - A 0 5 0 USD 
dau tu trong thi trudng tien tp, trong do ludng nay co the am. Ban cung se sd 
hufu A 0 c6 phieu cluing khoan. Neu chiing khoan tang, gia tri danh muc dau 
tu cua ban (loai trd vi the ng&n hpn trong quyen chpn) la: 

Ao Si[H) + (1 + r)(Vo - A 0 5o), 
va ban can co V\(H). Do do, ban muon chpn Vo va Ao d4 cho 

Vi(H) = A 0 Si(H) + (1 + r)(Vo - A 0 5 0 ). (2.3) 

Neu chufng khoan giam, gia trj danh muc dau tu cua ban \h: 

AoS^ + a+rXVo-AoSo), 

va ban can co V\{T). Do do, ban muon chpn Vo va A 0 d4 cung co 

Vi(T) = Ao Si(T) + (1 + r)(Vb - A 0 Sq). (2.4) 

Hai phudng trinh nky la chua biet va chung ta g\ki chung sau. 

Trd (2.3) cho (2.4), ta thu dupe: 

V X {H) - Vi(T) = Ao (S l (H) - Si(T)), (2.5) 

ViW-VjjT) 

S\(H) - S\(T) 


do do 


( 2 . 6 ) 
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Day la mot phien bail vdi thdi gian rdi rac cua cong tilde noi tieng “delta- 
hedging” oho oh ling khoan phai sinh. Mpt phong ho ran iikm gid oho mdi 06 
phieu cua tki san cd ban lk dao ham (theo nghia tlnh toan) cua gik trj cua 
chdng khoan phai sinh doi vdi gia cua tai sail cd ban do. Cong tilde nay bao 
ham khi mot giao djch vien (practitioner) noi “delta” y co ay la mot dao ham 
(theo nghia tlnh toan) vda dupe ino ta. Dau vay, de y rkng dinh nghia cua 
chung ta ve Ao la so cua ckc c6 phieu chdng khoan ngudi ta nkm giur tai thdi 
diem 0, vk (2.6) la mpt he qua cua djnh nghia nay. Khong phai A 0 tu dinh 
nghia. Vipc nay php thupc tat yeu vko mo hinh, nd co the la trudng hpp trong 
moi so co phieu chdng khoan mpt phong hQ can nkm gid kliong lk dao ham 
(tlnh tokn) cua chdng khokn phki sinh doi vdi gia cua tki san uu dai. 

De hokn thanh nghipm cua (2.3) va (2.4), chung ta tliay the (2.6) vao (2.3) 
ho$c (2.4) va giai vdi V Q . Sau mpt vai tlnh toan ddn gian, ta dupe cong tilde: 


1 + r u - d u - d 


Day la gia cd lpi cua quyen chon mua kieu Au vdi thu hoacli V\ tai thdi diem 
1. De ddn gian cong thde nay, ta djnh nghia: 


1 + r — d _ u — (1+r) 

V =- 1 i Q =- 1 — = 1 “ V, 


u — d 


u — d 


khi do (2.7) trd thanh: 

Vo = T^r (*> + M ( T )l • (2-9) 

Vi chung ta lay d < u, ca p vk q dupe xac dinh, tdc lk mau so trong (2.8) 
kliac khong. Do dieu kien (2.2) ca p va q thupc khoang (0; 1), va vi tdng cua 
chung bang 1, chung ta co thl coi chung nhu xkc suat cua H vk T tUdng dng. 
Chung 1a ckc xac suat trung hda rui ro. Chung xuat hipn khi chung ta giai hai 
phudng trlnh (2.3) vk (2.4), vk khong co vipc gi de lam vdi ckc xac suat xuat 
hien H vk T cua pliep tung dong xu. Thpc ra, ve diim nky, chung khong co gi 
hdn mot cong eu thfch hdp de viet ckc cong thde (2.7) vk (2.9). 

Bay gid chung ta xet mpt quyen chpn mua kidu Au ma tra K USD tpi thdi 
diem 2. Tai thdi diem dko han, thu ho$ch cho quyen chpn nky lk V2 = (S 2 - A') + , 
d do V2 va £2 phu thupc vao uj\ vk CJ2, lan tung dong xu thd nhat va thd hai. 
Chung ta muon xac dinh gia cd lpi cho quyen chpn nky tai thdi diem khong. 
Gia sd mot nha dau til bkn quyen chpn tai thdi diem khong vdi K USD, d do 
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Vq van dtfdc xac dinh. Sau do png ta mua Ao c 6 phieu chting khoan. dau tU 
Vo - AqSo USD trong thi tracing tien to del kinh doanh. Tai th<Ji diem L nha 
dan ta co mol gia tri danh imic dan tir (loai trijf vj the ngin ban trong quyen 
chon) la: 

X\ = AOS'], + (1 + r)(Vo — Ao Sq). (2-10) 

Mac dh chung ta khong bieu thi no qua ky hieu, 5i va X\ cAn phai phu thuoc 
vao ket qua cua lan tung thuf nhat Vi the, co hai phtfdng trinh in trong 
( 2 . 10 ): 

(H) = AqSi(II) + (1 + 7*) (Vo - Ao So), 

Xi(T) = Ao S Y (T) + (1 + r)(V 0 - A 0 5 0 ). 

Sau lan tung tint nhat. nha dau tit co X\ USD va co the riieu chinh lai (readjust) 
sit phong hp cua ong ta. Gia sri co ay quyet dinh bay gift giti A^ c6 phieu chufng 
khoan, a do A] dirpe phep phu thuoc vao uji vi nha dau ttf biet nhufng gia tri 
nao 'jJi da lay. Ong ta dau tif phan tai san con lai (remainder) X\ - AiSy vao 
tlii tnfbng tien te. Trong thrji diSm ke tiep, tai sail cua co ay sc duqc cho bdi 
vd phai cua phifdng trmh sau, va ong ta muon no la V2- Vi the cho nen ong ta 
muon co: 

V 2 - A 1 S 2 + (14- r)(X 1 - A^O. (2.11) 

Mac du chung ta khong bidu thi trong ky hi<?u, 52 va V 2 can phai phu thuoc 
vao ket qua cua hai lan tung dong xu dau tien a?i va u> 2 , Xet tit ca bon kha 
nang co the, chung ta co the viet (2.11) nhu bon phtfdng trmh: 

V 2 (HH) = A\(H)S’ 2 (HH) + (1 + r^X^H) - A iWSilH)), 

Vi(UT) - Ai(H)S 2 (HT) + (1 + r)(Xi(H) - A 1 (//)5 1 (//)), 

V 2 (TH) = A\(T)S‘ 2 (TH) + (1 + r)(X,(T) - A l (T)5 1 (T)), 

V 2 (TT) - A l (T)S 2 (TT) + (1 4 r)(X v (T) - A i(T)5 : (r)). 

Bay gib chung ta co sau phtfdng trinh, hai phudng trinli bidu diSn bdi (2.10) va 
b6n phtfdng trinh bidu didn bdi (2.11), trong sau phudng trinh Vo, Ao, Ai(H), 
Ai(T), X\(H) va X\(T) chtfa biet. 

Dd giai cac phifdng tnnh nay, va do do xac dinh gia cd Idi Vo tai thbi diem 
0 cua quyen chon va phong ho danh muc dau tu Vo, A\(H), va Ai(T), chung 
ta bat dau vdi hai phudng trinh cuoi: 


V 2 (TH) - A L (T)5 2 (Ti?) + (1 + r)(X 1 (T) - Ai(T)5i(T)) ; 
V 2 (TT) = A\(T)S 2 (TT) + (1 + r)(Xi (T) - A L (T)5 1 (T)). 
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, i 

'IVif mot trong chung tif phudng trinh khac va giai vdi Ai, cluing ta thu di/oc 
cong tlnlc “ddta-liodgitig”: 


VgTH) - VgTT) 
S 2 (TH) - S 2 (TT)' 


( 2 . 12 ) 


va trfir phudng trinh nay van cac phudng trinh khac, ta c.6 thl giai vdi 


x i(T) = -j-[pV 2 (770 +- qV 2 {TT)\. 

1 4 r 


(2.13) 


Phudng trinh (2.13) cho gia, tri phong ho danh inuc dau tir can phai co thdi 
han 1 ncu cluing khoan giam giffa 0 va 1. Ta dinh nghia dang tlnlc nay la “gia 
tri co lpi ciia quyen chon tai thdi didin 1 ncu oj\ — T,” va ky hicu bdi V\ (T), 
Chung ta vita chi ra ring: 

W{T) = j-hj; [pV 2 (TH) + qV,(TT)]. (2.14) 


Phong ho danh muc dan tu ciia ong ta can chon sao cho tai san X\ (T) cua 
dug ta (n6u u)\ = T) i >g vdi V\(T) xac dinli bdi (2.14). Cong there nay tuang 
tu cong tlitre (2.9). Bang phudng phap tUdng tu, hai phiTdng trinh an dan tien 
(implicit) trong (2.11) dan den cong thrtc: 


V 2 (HH) - V<t(HT) 
S 2 (HH) -s 2 (hty 


(2.15) 


va X\(II) — V\(H), d do V\{H) la gia tri cua quyen chon tai thdi di£m 1 lieu 
uJi = H, xac dinh bdi: 


Vi(H) = y ~-[pV 2 {HH) + qV 2 (HT)}. (2.1C) 

Cong tilde nay cung tiTdng ttf cong there (2.9). Cuoi cung, ta the cac gia tri 
X\{H) = V\(H) va Xi(T) = V\{T) vk) hai phudng trinh in trong (2.10). 
Nghiem cua cac phudng trinh nay vdi A 0 va Vq la giong nhu nghiem cua (2.3) 
va (2.4) va ket qua lai la (2.6) va (2.9). 

Mo hlnh tren van con nlnlde diem la so thdi diem dupe xet coil han die. 
Mot each tdng quat, neu ky hieu 14 la gia tri tai thdi diem k cua chtmg khoan 
phai sinh, va gia tri nay phu thuoc vao k lan tung dong xti dau tien an, 
thi tai thdi diem k — 1, sau k — 1 lan tung, ui, da dude biet. danh 
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muc dau tvr d£ phong ho mot vi tri ng&n han c4n nS.m giii Afc_i(u>i, ...,u 4 —i) 
co phieu cluing khoan, trong do 


Afc_i(o;i,... jUJk-i ) 


V k (u u ...,LJ k - l ,H) - V k (u) U ...,U k -i 1 T) 
Sk(vi, H) - 5jt(u;i, ...,LJk-x,T)' 


(2.17) 


va gia tri tai thdi diem k — 1 cua chiing khoan phai sinh, khi k — 1 lan tung 
d&u tien eho ket qua cji, ... y u>k-\ dude xac dinh bcfi: 


14-i(wi, Uk-\) = — — [pl4(o;i, H) + qVk(u\t ..., u^-i,T)]. (2.18) 


2.2 Ky vong dieu kien 

2.2.1 Thong tin 

Xet khong gian xac suat trong mo hinh nhj phan cl myc 2.1 vdi n thdi ky. C) 
day chung ta khong de y den x&c suat xuat hien mat ngiia. Gia chiing kho&n 
ban dau dupe ky liigu la Sq. T^i moi thdi diem: 

- Gia chiing kho&n tang vdi he so u neu dong xu xu&t hien mat ngiia (//); 

- Gia chiing kho&n giam vdi hO so d neu dong xu xuat hi (jin mat sap (T). 

MOt day ky tij cua Q se diidc ky hieu la a; = (ui,(J 2 , •••,^n)- Ta ky hi<?u 
Sk{u>) la gia chiing kho&n tai thdi diem k (tiic la sau k lan tung 1 < k < n) 
ling vdi ket cac lj. Nh&n thay rang Sk{u>) chi pha thuQC vao Ui,U 2 , moi 
Sk la mot bien ngau nhien xac djnh tren tap Q. Chinh xac hdn niia, gia sijt 
T = V[Q) la hQ tat ca c&c tap con cua 11, khi do T la mot rr-dai so va (H, T) 
la inot khong gian do dude. Moi Sk la mOt ham ^-do dude tii Q —► R, tiic la 
S ^ 1 la mot ham B —► T d do B la mOt a-dai so tren R. 

VI du 2.2.1. Xet mo hinh nhj phan vdi ba thdi ky (xem hinh 2.2). Ho tat ca 
c&c ket cue cd the thu dupe la: 

n = {HHH, HHT, HTH , HTT , THH, THT , TTH, TTT}. 

Vi the, ta co the viet: 

5 i(tj) = Si (wi, ^2,^3) = S\(ui), 

S 2 (^) = $2(^1, (^2, ^3) = ^l(^l>^ 2 )* 
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S 3 (HHH) = u 3 S 0 



S 2 {HHT) = u 2 dS 0 
S 2 (HTH) = u 2 dS 0 



s 2 (H r rr) = ud?s 0 
S 2 {THH) = du 2 S 0 



S 2 (THT) = ucPSq 
S 2 (TT H) = d 2 uS 0 



S 2 (TTT) = d 3 So 


Hinh 2.2: Mo hinh cay nhi phan cho gia chufng khoan vdi ba thdi ky. 


Dinh nghla 2.2.1. Ta noi rhng mpt t&p A C ft Id xdc dinh bdi lan tung dong 
xu thd k neu chi biet ket qua. cua k lan tung dau tien ta co the quyet dinh c6 
hay khong cac ket eye cua tat ca ede lan tung trong A. Trong tradng hpp tong 
quat, chung ta ky hieu hp cua cac tap xdc dinh bdi lan tung thd k bdi Tk- De 
dang kiim tra dupe Tk la mpt a-dyi so. 

De dang nhan thay rang cac bien ngau nhien Sk la .TVdo diruc. vdi moi 
k = 1,2, 

VI du 2.2.2. Trong vf diji 2.2.1, ho T\ car tap xac dinh bdi lan tung dong xu 
thd nhat bao gom: 

1. A h = {HHH, HHT,HTH, HTT }, A T = { THH } THT,TTH,TTT }, 

2. 0, vh Q. 
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Ho T 2 cdc tap xac dinh bdi hai lan tung dong xu dau tien bao gom: 

1. A hh = {HHH,HHT},Aht= {HTH,HTT}, 

A T h = {THH,THT}, Att = {TTH, TTT}, 

2. Phan bu cua c&c tap d tren, 

3. Hdp tuy y cua cac tap d tren (bao gom ca cac phan bu), 

4.0 vk ft. 

Dinli nghla 2.2.2. (Thong tin mang bdi mot bien ngau nhien). Gia 

sit X Id mQt bien ngdu nhien: ft —► R. Ta noi rdng mot tdp A C ft ditdc xac 
dinh bdi bien ngdu nhien X neu chi can biet gid trj X(u) cua bien ngdu nhien 
ta c6 the khang dinh u e A hay u $ A. Noi cdch khdc, vdi moi y € R, hoac 
X~ l {y) C A hodc X~ l (y) fl A = 0. Hq cac tdp con cua ft xac dinh bdi X la 
mot o-doi so, va goi Id cr-dai so sinh bdi X, ky hieu la v{X). 

Neu bien ngau nhien A' lay htfu han gid trj khac nhau, thi cr(A') dude sinh 
bdi ho cac tdp: 

{X'\X(u>))\u> € ft}; 

car tap nay dude goi la nguyen tu cua a-dai so rr(AT). 

Trong trudng hdp t6ng quat, neu X la bien ngau nhien ft —> R, thi cr(X) 
cho bdi: 

a{X) = {X~ l (B)\B e B}. 

Vi du 2.2.3. (Cac tap xac dinh bdi S 2 ). cr-dai so sinh bdi S 2 trong vi du 
2.2.1 chtia cac tap sau: 

1. Ahh = {HHH'HHT} = {S 2 ( w) = u 2 S Q }, 

Att = {TTH, TTT) = {S 2 = (PS 0 } } A ht n A T h = {S 2 = udS 0 }, 

2. Phan bu cua cac tap 6 tren, f . 

3. Hpp tuy y cua cac tap 6 tren (bao gom ca cac ph&n bu), 

4. 0 = {S 2 {u) € 0} va ft = {S 2 M <E R}. 


2.2.2 Dinh nghla ky vong dieu kien 

Xet kliong gian xdc suat cua phcp thii gico ba dong xu trong cac vi du trade. 
Goi Si la bien ngau nhien chi gia tri cua co phieu tai tlidi diem i,(i = 1,2). 
Ky hieu ude luqng cua S\ v& S 2 la E(5 i|S 2). Khi do E(Si| 52) la mgt bien ngau 
nhien Y ma gia trj tai lj dupe xac djnli bdi: 


Y(u) = E(5i| 5 2 = y), 
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& (16 y — S 2 (uj). 

Cac tmh chat cua E( J S’i[S^) : 

• 1E(xSj |S 2 ) can phu thuoc vao trie la mot bicn ngau nhicn. 

• Neu da biet gia tri ciia S 2 , thi gia tri cua E(Si| 5 2 ) cung can dupe biet. Dac 

bict: 

- \6u u — HHH hoac u> = HUT , thi £ 2 (lj) = u 2 Sq. N4u ta bict rang 
5 ^(cj) = u 2 Sq, thi ngay ca khi khong biet ta biet iSi(cj) = uSq. Ta 
dinh nglua: 


nSi\S 2 )(HHH) - E(Si\S2)(HHT) = uS 0 - 

- Neu £j = TTT hoac u — TTH y thi S 2 ( w ) — (PSq> N6u ta biet ring 
S 2 (iu) = cPSo, thi ngay ca khi khong bict a), ta biet 5i(u) = cISq. Ta dinh 
nghla: 

E(Si\S 2 )(TTT) - E(5 1 |5 2 )(TT//) = uS Q . 

- Neu lu € A = {HTH,HTT,THH,THT)< thi 5 2 M - udS Q . Neu ta 
biet S 2 (oj) = udSo , thi ta khong biet Si (a/) — uSq hay S\(lj) ~ dS o- Ta 
lily tmng binh: 


F(v4) = p 2 q H- pq 2 + p 2 q + pq 2 = 7pq. 


HcJn nria, 


S\dP = p 2 quSo + PQ 2 uSq H- p 2 qdSo + pg 2 dSo 


= + d)S 0 . 

Vdi € A ta dinh nghla: 


(\SicflP 1 

e(5i|52)m= ^ir = 2 (K+fi)5 °- 


f E(Si|S 2 )dP= f P. 


Khi do: 
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Vay ta co the vict 

E(Si|S 2 )(w)=s(S 2 (w)), 

d do: 

f uSo neu x = u 2 Sq 

\{u + d)S Q neu x = U(1 Sq 
dSn nGu x = d 2 So 

Noi each khac, E(*S 1 1^ 2 ) la bien ng&u nhien chi phu thupc vao £ 2 - Ta cung viet 

E(5,|5 2 = x) = g(x) y 

d do g La ham xac dinh nhu c( tren. 

Ta nhan thay biGn nglu nhien E( 5 i| 52 ) co hai tinh chat cd ban: 

• E(5i| 5 2 ) la cr( 52 )-do dUdc. 

• Vdi mpi tap A £ < 7 ( 62 ), 




Mot each t 6 ng quat ta co dinh nghla sau: 

Dinh nghia 2.2.3. Gid sit (Q,^\IP) la mot khong gian xac suat, vd Q Id mot 
o-dai sd con cua T. Gid sit X la mot bien ngau nhien tren P). Khi do 

duoc xac dinh la. mot bien ngau nhien Y thoa man: 

a, Y Id Q-do duoc, 

b, Vdi moi A £ Q ta co: 

j Yd P = J XdP. 

Ky vong dieu kien E(X|(7) luon t 6 n tai va duy nhat, that vay: 

Stf t6n tai. Luon luon co mot bien ngau nhien Y thoa man cac tmh chat tren 
(mien la K\X\ < 00 ). 

Scf duy nhit. Co thG cd nhicu hdn mpt bien ngau nhien Y thoa man can tmh 
chat tren, nhimg neu Y* la mot bien ngau nhien nhu vay thi Y' = Y hail chic 
chan, tife la, IP{iJ 6 H; Y(co) = V'(lj)} = 1 . 



Chitting 2. Mo Mnh ngUu nhien trong tai chinh vdi thcti ginn rdi rac 


49 


Chu thich 2.2.1. Vdi cac bien ngau nhien X,Y ta viet: 

E(X\Y) =E(X\a(Y)). 

Dieu kien (b,) trong dinh nghla tren con goi lad'tmh chat trung binh rieng - , 
tinh chat nay co the vict nhtf sail: 


J E(X|S)JP= J 


E(AT|e)dP= / XdP, VAeQ. 


hav 


E|1U.E(X!0)] =E\1 a .X\. 

Chii y r^ng IIa la ham chi tieu cua bi6n co A, trie la: 


«>*(«) = 


1 neu u) G A, 


0 neu. <jj £ A; 

do do Ua la mot biCn nglu nhien Q-do dude. Tit do ta co bo do sau day: 

Bd de 2.2.1. Neu V Id bien ngau nhien Q-do dude bdt ky, thi 

E[V.E(X\Q)\ < oo va E[V.E(X|S)] = E[VX]. 

TrOn cd sd b6 de nay, ta co the thay the dieu kien thuf hai trong dinh nghla 
tren bdi: 

b 1 , V6) mpi bien ngiki nhien £-do dude V 7 ta co: 

E[V.E(X\Q)\ = E\VX}. 


2.2.3 Cac tinh chat cua ky vong dieu kicn 

Tit dinh nghia cua ky vong dieu kicn ta de dang suy ra cac tinh chat sail. 

(a) E(E(X|$)) = EjJATJ. Suy ra tir tinh chat (b,) trong Dinh nghla 2.2.3. 

(b) Neu X la Q-do difdc thi 

E(X\G) = X. 

That vay, neu thong tin chria trong Q la dii de xac dinh X thi uric luang 
tot nhlt. ciia X tren cd sd Q la X. 
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(c) (Tuydn tiuh) 


ElcuXi ’4- a 2 X 7 \Q) = a,E{Xi\G) + a 2 E(X 2 |£). 

(d) (Khong am) Neu X > 0 hau chic chan thi 

E(X\6) > 0. 

That vay, lay A = {uj G ft : E(X|<?)(u;) < 0}. Tap nay t.hupc Q vi no la 
Q-d o dude* Ta co 

f E(X\Q)dF — [ XdP. 

J A J A 

Vo phai cua dang tlnrc tren khong am va vc trai am trijf khi !P(v4) = 0. 
Vi the cho nen F(A) — 0. 

(e) (Bat. dang thtir Jensen) Ndu <j> : R —> K la ham l6i va E|p(X)| < +oe, thi 

E(0(X)|e)>^(E(-Y|C)). 

Nhac lai bat ding thtfc Jensen thong thudng: E(tf>(X)) > <p(E(X}). 

(f) (Tmh chat thap) N6u "H la mot tr-dai so con cua Q , thi 

E(E(X|5)|H) = 

That vay, H la cr-dai so con cua Q co nghla ring Q chha nliieu thong tin 
hdn 7i. Neu chung ta ude ludng X tren ca sd thong tin cua Q , va sau do 
irdc luqng tren co sd mot lifdng thong tin nho hdn laTi, thi ta nlian dUdc 
cung mot kit qua nhu neu ta Udc lUdng true ti6p X tren cd sd thong t.in 
cua 'H. 

(g) (Lay ra ngoai nlifrng gi da biet) Neu Z la 5-do dude, thi 

E(Z.X\G) ~ Z.E(X\G). 

Khi liy dieu kien tren G , mOt bien ngau nhien 5-do dirdc Z gidng r\hu 
mot hang sd. 

That vay, gia su Z la 5-do dude. Mot bien ngau nhien Y la E(ZX\G) 
neu va chi neu 

(i) Y la 5-do dude. 
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(ii) J A YdP = J A ZXd ?, VAeQ. 

Liy Y = Z.E(ATj5) T khi do Y thoa man (ii) (tfch cua cac bi6n ngfiu nhien 
5-do (iif(.Jc la binti ngfiu nhien 5-do dude). Y rung thoa man tnih chat 
(ii), vi: 


[ Yd? = E(n„.y) 
J A 


= E[l A .Z.E{X\g)\ 

= E[U A .Z.X] tinh chat (V) vdi V = 
= f ZXdP. 


(h) (Vai trd cua sir doc lap) Neu 7i doc lap vdi ^(cr(X),5), thi: 

E(X\g(G,H)) = E(X\G). 

Trong tracing hop dac bint, lulu A" doc lap vdi 7i, thi: 


E(X\n) ^E(X). 


Xou H dor lap vdi X va 5, thi khong tliu difrte gi hdn khi ta biet thorn 
thong tin ciia 7i trong ude luring X. 

That vay, do drtn gian ta rhring rninh dang thrtr t.hd hai. Trade tidn ta 
nhan thay rang EX la 7i -do ducic vi no la liKng so. Ta can kiem tra “tmh 
chat trung binh rieng” 


EAhE? = XdP vdi moi A € H. 


Nen X la mot ham chi tieu ciia tap B uao do ma doe lap vdi TL, thi “tmh 
chat trung binh rieng" can phai kiem tra trd thanh: 


F(B)dP= / HadP. 


Ve trai ciia dang tilde nay la P( J 4)P( J B), va vc phai la: 


[ [ lAnndF = P(A n B). 

Jti Jii 


Do A va B doe lap nen F( A)IP(B) = P(>1 fi B) va ta thu dude d5.ng tilde 
trung binh rieng 6 tren. Vdi bien ngau nhien X tong quah doe lap vdi 
Jts dang tilde nay dupe suy ra tirdng ta. 
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2.2.4 Cac vi du ttf mo hinh nhi phan 

Xet mo hinh nhj phan trong cac muc trirdc va cr-dai s6 T\ = {0, A }f , At, 0}. 
Nhan thay rang E^l^i) phai la hang so tren Ah va Af. Bay giti vi Ef^l-^i) 
cfin phai thoa man tinh chLt: 


Ta tinh 


f E(s 2 \r,W= [ 

J A ft J A 

E(5 2 |^ l )d?= / 

r J A 


S 2 d?, 

S 7 d?. 



T,)dP = P(^„)E(S 2 |^i)(w) 


— pE(52|^ r i)(^)> ^ € Ah. 


Mat khac 



S 2 d? = p 2 u 2 So + pqudSo. 


Vi th6 cho nen 


E(S2|J c i)(w) = pu 2 S Q -j- qudSo , Va; £ Ah- 

Ta eung co the viet 

E(52|^~i)(^) — jm 2 So + qudSo 
= (pu -h qd)uSo 
— (pu + qd)Si(oj), Vu; £ An. 


Trfcfng tir 

— (pu 4- qd)S\(u), Vu £ A T . 
Vi vay, trong ca hai trtfCJiig hop ta co: 

E(5 2 |J^i)(a?) = (pu + qd)S\(<jj) s \/uj £ Q. 
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2.2.5 Mactingale vdi thdi gian rdi rac 

Gia sir (Q, F, ?) la mot khong gian xac suat. 

Dinh nghia 2.2.4. Mot day cAc. rr-dai so F\ o,^i, ■ --,F n sao cho mdi a-dai $6 
trong day chita tat ca cdc tap thuoc cdc a-dai sd trade, tdc Id: 

F^CF^C ... CF n cF 

duac goi la mot ho loc hay lick sA. 

Dinh nghia 2.2.5. Mot day cdc bien ngdu nhien A^o, M n duoc got Id 

mot qua trinh ngdu nhien vdi thdi gian rdi rac (hay qua trinh ngdu nhicn rdi 
rac). 

Dinh nghia 2.2.6. Mot qua trinh ngdu nhien dupe goi la mot martingale (vdi 
thdi gian rdi rac) niu: 

1. Mdi Mk Id Tk~do duoc. Niu ta biet thong tin trong Fk, thi ta biet. gid trj 

cua Mk- Ta noi rang qua trinh Mk la thich nghi vdi loc {^a}- 

2. Vdi mdi k ) E(A4fe-ri l-^fc) - Mk. Martingale ddn tdi can bing, khong tang 
hoac gidm (tro chcfi edng bhng ddn theo thdi gian). 

Neu dicu kicn thxl hai d tren duac thay the bdi: < A/* ta cA mot. 

martingale tren (super marling ale ). 

Neu dicu kicn thi( hai d tren duoc thay the bdi: E(Affc+i \Fk) > Mk ta co mot 
martingale dudi (submartingale). 

Vi du 2.2.4. Trong mo hinh nhi phan d cac muc trirdc, vdi k = 1.2 ta co: 

E(S k+l \Fk) = (pu + qd)S k . 

Vdi k — 0, ta dat. Fq = {W, 12} va goi la “rr-dai so tain thudngD rr-dai so nay 
khong chtra thong tin nao, va bit ky bien ngAu nhien nao ^o-do dildc deu la 
hAng so (khong ng&u nhien). Vi the cho non, theo dinh nghia E(>Si[J r o) la bring 
so rna thoa man tfnh chat: 

f E(S 1 \F 0 )dP = f SidP. 

Jn Jn 

Vo phai cua dAng thire tren la ESi = (pu 4- qd)S 0 , vi vay ta co: 

EfSil^o) = (pu 4 qd)S i} . 


Do do: 
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• Ncu (pu + qd) — 1 thi {Sk, ?k\k = 0,1,2,3} la mot martingale. 

• Nfiu (pu + <?d) > 1 thi {5fc, & — 0, 1, 2. 3} la mot martingale dudi. 

• N6u (pu H- </rf) < 1 thi [SkiFk] k = 0,1, 2,3} la mot martingale tren. 

2.3 Dinh gia Arbitrage 

2.3.1 Dinh gia trong mo hinh nhi phan 

Vi du 2.3*1. (Dinh gia mot quyen chon mua). Xet mo hinh nhi phan 
trong muc 2.1. Gia suf u = 2, d = 0.5, r — 25%, So = 50. Ta luon gia sii trong vl 
du nay va cac vl du sail rang ty 10 lai sufit va gia chihig khoan So, S i, ... dupe 
danh so bdi cuiig mot ddn vi thdi gian. Ta da biet rang: 

c * , f 100 ncu U\ ~ H 

'h 1 (} 1 c\ r — rj~i 

y 25 ncu u>\ — T 

Bai toan dat ra la: Tim gia tri tai thdi diem 0 cua mot quyen chon mua mot 
co phieu tai thdi diem 1 vdi 50 USD (tufc la gia thuc hien la 50 USD). 

Gia tri cua quyen chon mua tai thdi diem 1 la: 

W( \ (C f \ -n\+ f 50 ^l = # 

v 1 ( w ) = (s,M-oo) =| 0 n6u 

Gia su gia quyen chpn tai thdi diem 0 la 20 USD. Ta can true mot danh muc 
dan tif nluf sau: 

1. Ban 3 quyen chpn vdi gia 20 USD mot quyGn chon. TiCn chi phi la —CO 

USD. 

2. Mua 2 c6 phieu vdi gia 50 USD mot co phieu. Tien chi phi la 100 USD. 

3. Vay 40 USD. Tien chi phi la -40 USD. 

Danh muc dau tif nay khong you cau dau tif ban dan. Vdi danh muc dau tu 
nay, hfdng tien chi phi tai thdi diem 1 (ddn vi USD) la: 

uJl = H LJi = T 


Tra cho quyen chon 

150 

0 

Ban co phidu 

-200 

-50 

Tra nd 

50 

50 

long 

0 

0 
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Gia tri cua quyen chon tai thdi diem 0 la Vo — 20. 

Vi du lien cho ("a nipt Hinli anh ve ly thuyet dinh gia ed lpi (arbitrage 
pricing theory - APT). Cac gia thiet cua APT la: 

• Khong gidi han vice ban khdng cac c6 phieu. 

• Khong gidi han su cho vay. 

• Khong co chi phi giao dich. 

• Mdi tac nhan la mot ngudi dau t.U nho. trie la, vice buon ban cua ca nhan 
ong ta khong lam tlmy doi thi trtfdng. 

Nhan xet: Gia tri APT cua quyen chon khong phu thuoc vao xac sudt cua II 
va T. 


2.3.2 Mot bitofc APT tong quat 

Gia sri mot chring khoan phai sinh tra mpt lupng Vi tai thdi diem V d do V\ 
la mot bien ngUu nhien J^i-do dtfdc. Ta xay dung mot plurong an dau tit rihit 
sail: 

• Ban chring khoan vdi gia Vo tai thdi diSrn 0 (Vo dupe xac dinh sau). 

• Mua Aq co phieu tai thdi diem 0 (A 0 dupe xac dinh sau). 

• Dau t.U V'o - AqS’c vao thi tritdng, vdi tv 1c lai suat khong riii ro la r 
(Vo — A 0 5o co the am). 

• Khi do gia tri tai san tai thdi diem 1 la: 

*1 - A 0 S, 4- (1 + r)(V 0 - A 0 S 0 ) 

— (I + r)V 0 4- Aq(5i — (1 + t)Sq). 

• Ta mudn chon Vq va Ao sao cho: 


Xi = V 


kfi ca khi c6 phi6u tang hoac giam. 
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CO so To An thi chink 


Dieu kien cuoi cung a tren co the bi6u dien bdi hai phuong trinh: 

(1 + r)V n + A 0 (Si{H) -(14- r)S 0 ) = V Y (H) (2.19) 

(1 4- r)V 0 - A 0 (5i(T) - (1 + r)S Q ) = \\{T) (2.20) 

Chu y rHjig, d day, gia tTi Vi ciia chflng khoan phai si nil la mot ham ciia Sk- 

tire la. khi da biet Sk vdi mot u da cho thi 14 rung dtfdc biet tai u do (va vi 

the cho nen khong ngau nhien). Trii vfi vdi vd hai phufdng trinh d tren ta diroc 

0 Sdll)-S,{T) ( - } 

Thay Ao trong cong there (2.21) vao cong thurc (2.19) ta co: 


(1 -t- r)Vo - V,(//)-A 0 (Si(/0-(l + r)So 

vm-vw,.. , 


v,(//) 


(u - d)So 


-r)Sa 


u-d lv 
1 4 r — d 
u — d 


(u - d) VdH) - (V,(//) - Vi(T)) (ii - 1 - r)] 


\\(H) 


u - 1 - r 
u - d 


Vi (T). 


Ta da co gia thiet u > d > 0. Bay gid ta gia svt d < 1 4 r < u (trong tnfdng 
hop khac so co cd hoi cd Idi) Dinh nghla: 


1 4 r — d 
u-d ' 


u — 1 — r 


Khi do p > 0 va q > 0. Vi p 4 q = 1, ta co 0 < p < 1 va q — 1 — p (vi the 
p, q giong nhtf nhufng xac suat). Th do gia cua quyen chon mua tai th&i diCm 
0 dtfdc cho l>di: 

V a = - 4 _ \pv y (H) + qVi(T)] . (2.22) 


2.3.3 Do do xac suat trung hoa rui ro 

Gia stf f2 la tap ca c ket cue co the tir n lan tung dong xu. Ta ciu true mot do 
do xac suat P tren Q bdi cong thilfc: 
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IP dudc^goi la do do xae suit trung lioa rui ro. Ta ky hieu E la ky vong direii 
do do P. Phitdng trinh (2.22) cho ta: 

vi - £ (rb4 

Dinh ly 2,3*1. Ducii do do P, qua trinh gid co phieu da chiet khau 

{(1 + r )- k s k ,r k n =a 

Id mot martingale. 

Chung mini i. Ta co: 

E'(l-) r) (kn) S k+l [F k 

L 


Vay qua trinh gia co phieu da chiet khau {(1 + r) k S k , la. mot martin¬ 
gale. □ 

2.3.4 Qua trinh danh muc dau ti i t\i dieu chlnh tai chinh 

Xet mot qua trinh danh muc dau tu: A — (A fl , Ai,A n _i), trong do: 

• Ak la s6 co phiCu ngitcJi diu tu gift trong khoang thdi gian giua k va 
k -I 1. 

• Moi Ajt la ^-do dude. 


(l + rJ-^tup + d^Sit 
(1 4- r) 


(fc+D I ti (1 + r - d) d(u- 1 -r) 


it - d 


u - d 


S k 


, . + ur — ud + du — d — dr n 

(1 + rr ( * +1) --- S k 

u — a 

(k+1 , (u-dHl + r)^ 
u — a 

(1 + r)- k S k . 


Ta xay dung mot danh muc dau tu ti.r dicu chinh tai chinh A nhu sau: 
• Bat dau vdi tai sail nguyen thuy khong ngau nhien Xq 0. 
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0(3 sd Toiui tki chi rib 


• Dinh nghia hoi quy 

Ajfc4 1 “ AjtSfc+i + (1 + r ){Xk - AfciSfc) 

= (1 + r)X k I A k {S k+l - (1 + r)Sk)- (2.23) 

• Moi Xk la Xk~do difdc. 

Ta co ciinli ly sau: 

Dinh ly 2.3.2. Dudi do do IP, qua trmh gia tri dank muc ddu tit tit didu chink 
tai chink da c.hie.t khdu {(1 — 7') _fc A r jt, la mot martingale . 

Chting mink. ! a co: 

(1 i r) (i+1) X fc+1 = (l + r) * X k 4 A f: ((l+r)- (fc+1) S' fc+1 -(l+r) * S*) . 
Vi the cho nen 

E ;(1 -I- r)- (i -' +,) X k+1 \r k ] = E [(1 + r)-^Y t |^] 

+ E[(ll rr (fc+1) A*S*+i|.F*] 

- E[(l + r)-‘AfcStl^*] 

= (1 + r) _fc Xk (do (h) trong dinh nghia) 

+ A*E [(I4r)“’ (fc+1) 5 fc+1 |^ fc 

- (1 -t r)~ k A k S k 

— (1 -\-r)~ k Xte (do dinh ly 2.3.1). 

□ 

2.3.5 Cac chuftg khoan phai sinh kieu Au ddn gian 

X6t mo hinh nhi phan vdi n thdi ky. Goi V k la gia tri ciia qua trinli danh muc 
dan ttf, Sk la gia eh ting khoan tai tlidi ky thuf k va la danh muc dau tif 
co phdng ho trong thdi ky <16. Ta da hict. vdi k = 0,1, ...,n - 1: 

14(^1, •••, 1» H) — \4(^h Uk uT) 

Sk{u !, H) - S k (uj u ...,ujk-uT) ’ 
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Dinh nghia 2*3.1. Mot ch ting khodn phdi sink kicu An don gian vdi thdi diem 
ddo him m Id mot bien ngCiu nhien T m -do dilOc (rn < n). 

Dinh nghia 2.3.2. Mot ch ting khodn phdi sink kiftu Au don gidn V m duoc got 
Id co the phdng ho ruin ton tai mot hang so Xq vd mot qua trinh danh muc. 
doii hi A (Aq. .... i } sao cho qua irhih gid hi til dicu chlnh tai chmh 
X u , Xi ,.... X rn cho box (2.23) thod man: 

Xj/i (^) = v in (^), v uj g n. 

'Prong tnldng hop nay , vdi k — ta goi Xk Id gid tri APT tai thdi 

diem k cua V m . 

Dinh ly 2.3.3. Ncu mot chttng khodn phdi sink kicu An don gum V m diCOc 
phdng ho. thi vdi rnfii k = 0, 1 ,m gid tri APT tai thdi diem k cua V 7n Id: 

Vk ‘(U r)*E [(1 + r)-“ V,„,]f k ]. (2.24) 

Chitng mink. Trade tien ta quan sat rang ncu ; k = 0,1, m } la mot. 

martingale, tire la thoa man tinh chat martingale 

E[M k+l \P k ] = M k 

vdi nidi k = 0,1,..., m — 1 thi ta cung co: 

E \M m \r k ] = A4, k = 0,1, ...,m - L (2.25) 

Khi k — m — 1 thi phirong trinh (2.25) suy ra trite tiep tit tinli chat martingale. 
Vdi k = m — 2 ta sit dung tlnh chat thap do vict: 

- E E\My n \P m -l\\Pm-2 
= E[A/ m -i|^- 2 ! 

- M m -2. 

Ta co the tiep tuc bang phuctng phap quy nap dc* thu ditdc (2.25). 

Neu chung khoan phdi sinh kicu Au ddn gian V m ditdc phdng ho, thi co 
mot qua trinh danh muc dau tit 111 a qua, trinh gia tri tit dicu chmh tai chi nil 
X 0i X \,..., X jn thoa mail X m = V m . Theo dinh nghia, X k la gia tri APT tai 
thdi diem k cua V 7ri . Tit dinh ly 2.3.2 ta co: 


X D ,(l+r)“ A X u ... t (l+r)- m X t 
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Cd sd Tocin thi chmh 


la mot martingale, va vdi moi k 

(1 + r)- 4 X fc = E [(1 + r) m X m )X k \ = E [(1 + r) m V ln \X k \ 
Vi t.hl cho ncn: 

X k = (l+r) t E[Ct+r)- m V m !^]. 



Hinh 2.3: Gia chting khoan Lookback Option. 


Vi du 2.3.2. (Lookback Option), Cho u = 2, d — 0, 5; r - 0,25; So --- 4; 

p = — —■— = 0, 5; q = 1 — p = 0, 5. Xct mot eh ting khoan phai sinh dcfn 

u - a 

gian kieu Au vdi ky han 2 (xem hinh 2.3), thu hoach cho bdi: 

V 2 = max (Sjc - 5) + . 

0<k<2 

Chu y rkng: 


V 2 (HH) = 11; V 2 (HT) - 3 ^ V 2 {TH) = 0; V 2 (TT) = 0. 

Vi the gia thu hoach co “quy dao doc lap”. Tmh ngtfde theo thcJi gian. ta co: 

V X {H) = -j-L; [pV 2 (HH) + qVi(HT)} = |[0,5 x 11 + 0, 5 x 3] = 5, CO; 
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Vi{T) =■ T r 0,5 y 0 + 0,5 x 0] = 0; 
o 

4 

V„ ^ —j0,5 x 5,60 - 0,5 x 0] = 2,24, 

o 

Silt dung cac gia trj nay, bay gib chung ta co the tinh: 


Vi(ff)- Vi(T) 

S t (H)-St(T) 


0 , 93 ; 


Ai (ff) 


V*(HH) - Vi(HT) 
S-i(HH) - Sn(HT) 


A,(T) = 


V 2 (TH) - V 2 (TT) 
S 2 (TH) - S 2 (TT) 


Tinh ngifdc: theo thdi gian, chiing ta co the ki6m tra rang; 


X,(H) - A+ (1 + r){Xo - AqS 0 ) = 5,59; V,{H) = 5,00; 
X\(T) = A a S] (T) + (1 +r)(X 0 - AnSo) = 0,01; VAT) - 0; 

X,(////) = Ai[II)S][HH) j. (1 + r)(X\(H) - A ,(//)£,(#)) = 11,01; 
Vi(HH) = 11 . 


Vi du 2.3.3. (European Call). Gia sur cho u — 2; d — 0,5; r — 0,25; So — 4; 
p — q — 0,5 va xet mot quycn chon mua ki6u Au vdi ky han 2 va ham t.hn 
hoach: 

Va = (Sa - 5 ) + . 


Nhan thay rang; 


V 2 (HH) = 11; V 2 (HT) = V 2 (TH) = 0; V 2 (2T) = 0; 

V,(ff) = 11 + ^x01=4,40; 

Vl ( T )=^+ 0 + Ix °]= 0 ; 

V 0 = g[^x 4,40 + ^x01 = 1,76. 

Dinh nghia vjt(x) la gia tri cua quyen chon mua tai thdi diem k khi Sk — x . 
Khi do: 

v 2 (x) = (x - 5) + ; 
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4 1 1 

M x ) = t[- X V 2 (2x) -v 2 {xl‘2)}\ 

o 2 2 

v a (x) = + l«i(x/2)]. 

0 2 2 

Dac biC't 

t; 2 (16) = U; u 2 (4) = 0; v 2 {\) - 0; 

«i(*0 = x 11 + 1x0]= 4,40; 

vi(2)- * ° + \ x °1 = °; 

4 1 1 

vo — - x 4, 40 H— x 0] - 1,76. 

5 2 2 1 

Gia sijf <5fc(ic) la so cat: c6 phicu trong danh irmc d&u tU co phong ho Lai thbi 
diem k khi S k — x. Khi do: 




|'h-i(2i) ~ vt+i(|) 
2x - f 


A: =0,1. 


2.4 Qua trinh Markov 

Trong rniic nay, chung ta chi xct cac ham tren R va cac tap con ciia R ma do 
difOc Borel. trie la, chi xct nhtfng tap con A cua M ma thuoc B va cac ham 
g : R —► R sac cho g~ l la mot ham: B —* B. 

Dinh nghia 2.4.1. Gid sxt (O, IP) la mot khong gian xac sudt va {^"jt}£ = o Id 
mot loc trong T. Gid sti {vVfc}^ 0 Id mot qua trinh ngfiu nhie.n iron (Q.T 7 , ?). 
Qua trinh nay dude goi la Markov neu: 

i) Qua trinh {X*} thick nghi vdi loc {Fk}-> 

ii) (Tinh Markov). Vdi mSi k = 0,1, ...,n — 1, phan phdi cua X k n vdi 
dicu ki&n teen T k trung phdn phdi cua X M vdi diiu kicn X k . 
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2.4.1 Cac phuttng phap khac nhau biiu. dien tinh Markov 

(a) (Cimg phan phoi). Vdi moi A £ B = B{ R), taco: 


P(X^, eA\F k ) = E\l A (X M )\f k ] 
= E[l / ,(X* + i)|**] 
= P[lA(^fctl)|Jffc). 


(b) (Cling ky vong). 

Vdi moi ham (do dude Borel) h : R —► M ma E|/*(Af t+1 )| < oo, ta co: 
E\h(X M )\^ k \ = E[h(X k+{ )\X k }. 

(c) (Cung bien doi Laplace). Vdi moi uGR ma Ee uAfc+1 < oc, ta co: 

E[e uA ^ \f k ] = E[e uXk +' |X fc ]. 

(Ncu cluing ta co dinh u va dinh nglna h(x) — e ux , thi cac phifrtng trinh 
(b) va (c) la giong nhau. Tuy vay. dicu kicn trong (b) thu dupe vdi moi 
ham h, con trong (c) ta gia thict dicu kicn nay chi vdi cac ham h co clang 
h(x) = e ux . Mot ket qua rlimh trong ly thuyet hien doi Laplace 1 la ncu 
phudng trinh thu dupe vPi moi h co dang dac biet t till no thu dupe vdi 
moi /i, t-Ofc la (c) suy ra (b)). 

(d) (Cimg car ham dac trimg). Vdi moi u £ R, ta co: 

E [ r >AVi |^j = E [<>**+' \X k ]. 

d do i - \/—1. (Vi |c nij: | — | cos x 4- simj < 1 chung ta khong can gia 
thict rang E|c lwx | < oo). 

Cac dicu kicn (a)-(d) la tUdng dtfdng. Tmh chat Markov trong (a)-(d) bao 
gom qua trinh tai thdi diem u hicn tai" k va mot thdi diem tuong lai h+ 1. Cac 
dicu kicn (a)-(d) cung dung vdi cac dicu kicn bao gom qua trinh tai thdi diem 
k va cac thdi diem tUdng lai khac. 

Chu y 2.4.1. Tai eh, car Link chat Markov nay con dung vdi car. qua trinh gid 
tri vector. 
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De thay rang qua trinh gia chilng khoan trong mo hinh nhi phan la mot 
qua trmh Markov. Neu ta muon tfdc ltfdng phan ph6i cua Sk+i tren cd sd thong 
tin trong chi mot thong tin la gia tri cua Sk co lien quan. Ch&ng han: 

= (pu + qd)S k = (1 + r)S k (2.26) 

la mot ham cua Sk> Tuy vay. tinh chat Markov (b) manh han (2.26). Tinh 
chat. Markov yeu c&u vdi bftt ky ham h, E[/i() |la ham cua S k ] trong 
khi phtfdng trmh (2.26) chi la trifbng hop h(x) — z, 

Vi du 2.4.1. Xet mot. mo hinh nhi phan vdi 66 thcJi ky va mot cluing khoan 
phai sinh kieu Au dan gian ma tlm hoach tai thdi ky 66 la: 

^66 — “(Sm I S(i5 + 5ce)- 

Vi qua trmh gia chilng khoan la Markov, gia tri cua cluing khoan, chhng han 
tai tlidi ky 50 la: 

Vfc = (l + r) 5 °E|(l +r)- fifi V C0 |^ 5 „] 

= (1 + r) -1G E[V^fi|Sso]. (si dung tinh chat Markov (b)). 


4 y y 

2.4.2 Bo de ve stf doc lap 

Gia su A r va Y la cac bien ngau nhicn trcn mot khong gian xac suat P) 

va Q la mot a-dai so con ciia JF. Gia sur f(z, y) la mqt ham hai bien, dat: 

ff(l/) = E[/(X lV )]. 


Ta co bo de sau: 

Bo de 2.4.1. Gia si2 X doc lap v&i Q va Y la Q-do diidc. Kin do, ta co: 

E[f(X,Y)\G} = g(Y). 

Chu y 2.4.2. - Dong bd dr. nay va c/ic llulo luqn sau, car. chil viS.t in hoa 'ey 
hieu cho bien ngdu nhien va chit viet in thuctng ky hieu cho bien khong ngau 
nhicn. 

- Bo di nay thudng dung de chi ra mot qua trinh la Markov. 
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Vi du 2*4.2. (Qua trinh gia co phieu la Markov). Xot mot mo hinh nhi 

phan n thdi ky. Co dinh mot thdi diem k va dinh nghia X — —— va Q — T k - 

ok 

Khi do X = u neu a;fc+i = H va X — d neu u k +\ = T. V\ X chi phu thuoc 
vao lan tung thvr (k 1) nen X doc lap vdi Q. Dat Y = S k , the thi Y la Q-do 
diftJc. Gia sir h la mot ham tuy y va dat f(x> y) = h(xy). Khi do: 

<?( y) = E[/(X,y)] = K[h(Xy)] = ph(uy) + qh{dy). 

Thco b6 de 2.4.1, la co 

E[h{S M )\T k ] = E[fc(%iS*)|5i] 

= E[f{X,Y)\G\ 

= 9(Y) 

= ph(uS k ) + qh.{dSk)- 

Dieu nay chufng to qua trinh gia co phieu la Markov. Thuc vay, neu lay ky 
vong dicu kicn ca hai v6 eua phtfdng trinh tren vdi dicu kipn cr(S k ) va suf dung 
tlnh chat thap tren ve trai, de y rang ve phai la a(S k )-do dude, ta co: 

E[h(S M )\S k ] =ph(uS k ) + qh{dS k ). 

Vi ih6 Ej/^Sfc+iM'TV = E[h(£k+i)[Sfc] va theo (b) tinh chat Markov dupe chufng 
minh. 

2.4,3 Ung dung cho Exotic Option (Quyen chon ca biet) 

Xct mot mo hinh 71-thdi ky, vdi do do xac suit trung hoa rui ro P. Dinh nglna 
maximum chay cua gia chufng khoan la: 

Mjc = max Sj. 

\<j<k 

Xet mot chufng khoan phai sinli kidu Au ddn gian vdi thu hoach tai thdi diem 
n la AI 7l }. 

Vi du 2.4.3. + v n (S n ,M n ) ~ (M n - K) + (Lookback option); 

+ v 7l (S n , M n ) = Im h >b(A/ t i - K) + (Knock-in Barrier option). 
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Bo de 2.4.2. Qua trinh hai chieu {(S kx Mjt)}£ =0 la Markov. 

Chting minh. Co dinh k, ta co: 

Mk+\ — Mjfc V Sk+i, 

trong do V bi£u thi maximum cua hai dai luong. Gia s xt Z — khi do: 

P (Z — u) — p, P(Z = d) = q s 

va Z doc lap vdi J4- Gia sir h(x,y) la mot ham hai bicn, ta co: 

h{Sk +1. M m ) = h(Sk +1 1 Mk V S*+i) 

= h(ZS kl MtV(ZS k )). 


Dinh ughla 

g{x,y) = Eh(Zx, y V [Zx)) 

= ph(ux , y V (ux)) 4- qh(dx, y V (dx)). 

Tit bo de 2.4.1 suy ra 

E\h(S k +u A'/fc+i) |^4l = g(S k) Mk) = ph(uSk, Mk V (uS*)) 4- qh(dSk } Mk). 

trong do ding thtie tliuf hai suy ra til he thtic M k A dSk — Mk. VI v6 phai cua 
dang 11 1 life tren la mot ham cua (S ky Mk), tmh chat Markov (dang (b)) cua qua 
tilnh hai chieu nay dupe chiing minh. □ 

Xcl mot quyen chon ca biet trong Bo d£ tren. Ky liieu 14 la gia tri cua 
cluing khoan phai sinh tai thcJi diem A:. Vi (1 + r)~ k \ 4 la mot martingale du6i 
do do P, ta co: 

Vt = ^E[V fc+1 \T k },k = 0,1,.... n - 1 ■ 

Tai tlicJi diem cuoi cimg, ta co: 

V n = v lx (S n ,M n ). 

Quay lai t.nrdc do mot bude. ta co the tmh: 

\'n-i = T 4_E[« n (5„,.w„)|jr„-,! 

= 2 j_ r \fiv n (uS 7l -uuS n -i V M n _ L ) 4- qv n (dS n _ u M n _i)\. 
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Dieu nay dan ta den dinh nghia: 

v n -i(x,y) = -^—\pv n (ux,ux Vy) + qv n (dx,y)] 

1 + r 

vi 

1 1 {£>n - 11 1 ) ■ 

Mot each tdng qnat ta co: 

v k (x,y) = —^—\pv k +i(ux,ux\J y) + qv M {dx,y)], 

1 r 

va gia tri cua quyen chon tai thdi diem h la v k (S k , M k ). Vi day la mot quyen 
chon kidu Au don gian, danh muc dau ttr co phong ho trong trUdng hop nay 
la: 

. _ v k +\{uS k , ( uS k ) V M k ) - Vk+ijdSk, A4) 

*" (u-d)S k 


2.5 Thdi diem dijfng va cac quyen chon kidu 
My 

2.5.1 Dinh gia mot quyen chon kieu My 

Xet mo hinh nhi phan vdi n thdi ky. Gia sdr Vk — g(S n ) la thu hoach cua mot 
quyen chon kieu Au trong mo hinh. Dinh nghia bdi phep de qny ngtfdc: 


Vn(x) = 9(x) 

v k (x) = ~-— { pv k +\{ux) + qv M (dx)]. 
1 4- r 


Khi do v k (Sk) hi gia tri cua quyen chon tai thdi diem k, va danh muc dhi tu 
phong ho cho bdi: 


A, 


t>i*:+i(uSfc) - ti fc+ i (<j^ te ) 

(u - d)S k 


k = 0,1,2,n - 1. 


Bay gid ta xct mot quyen chon kiSu My va ham g nh it d tren. Khac vdi quyen 
chon kieu Au, ngirdi giii quyen chon kieu Mv co the “thuc hien” trong thdi ky 



68 


Ca sd To&n tai chmh 



Hinh 2.4: Gia chufng khoan va gia tri cuoi cung cua mot quygn chon ban kieu 
My vdi gia hdp dong la 5. 


k bat ky, va nhan dude s6 tiln la g{S k )- Vi the, danh muc d&u til phong ho 
can phai tao ra mOt qua trinh thu nhap thoa man: 

Xk > g(Sk)yk, hau chac chan. 

Dieu nay la bdi vi gia tri cua quyen chQii t,$i thdi di£m k it nhat \k g(Sf c ) > va 
qua trinh tai sail tai Ihdi di4m do can phai bang gia tri cua quyen chon. 

Gia tri cua mot quyen chon kieu My co thS xac dinh tlieo thuat toan sau: 
Vn(x) = 9(x) 

v k {x) = max { \P y Mi ux ) + qv k+ i(dx)] y g(x)} 
trong do Vk(S k ) la gia tri cua quyen chon tai thbi diem k. 


Vi du 2.5.1. Cho 5 n = 4; u — 2; d = 0,5; r = 0,25; p = q = 0, 5; n = 2. 
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Dat i^(x) = g(x) — (5 - :c) + ' (xein hinh 2.4). Khi do: 

d,( 8) = max{i[i x 0 + ~ x 1|; (5 - 8) + } 

2 

= max{-; 0} 

o 

— 0,40; 

Vi(2) = max{|(i x 1 + i x 4]; (5 - 2)+} 

— mnx{2; 3} 

— 3, 00; 

t/ 0 (4) = max{|[i x 0,4 + 1 x 3,0];(5 - 4)+} 

= inax{l } 36; 1} 

= 1,36. 

Bay gicJ, gia silf chung ta cau true mot danh muc dan ttf phong ho cho quyen 
chon nay. Bat dan vdi von Xq = 1, 36. Ta tfnh A 0 nhu sau: 


0,40 - vi(Si(H)) 

= Si(H)A q + (1 -f r)(X 0 — AqSq) 

= 8A 0 + |(1,36-4A 0 ) 

= 3A 0 + 1,70 =$> A 0 = —0,43. 


Tircmg ta ta cung co 

3,00 = i;i (Si (T)) 

= S,(T)A 0 + (l + r)(Jf 0 - A 0 So) 

= 2A 0 + j(l,36-4A 0 ) 

— —3Ao 1, 70 =r > Aq — —0,43. 

Sd dung A 0 =d —0.43 cho ket qua 

X^H) = vi(S,(ff)) = 0,40; Xi(T) = Vj(Si(T)) = 3,00. 



Co sd To An tki chi'nh 
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Bay gid gia suf chung ta tmh Ai (Nhac lai rang S\(T) = 2): 

1 = v 2 (4) 

= 5 2 (77/)A 1 (T) + (1 + ryX^T) - AyT)SyT)) 
= 4A 1 (T) + ^(3-2A 1 (T)) 

= 1,5Ai(T) + 3,7!i => A, (T) = -1,83. 


Ta ciing co 


4 = i '2 (1) 

= 5 2 (Tr)A,(T) + (1 + r)(Xi(T) - A^T^T)) 
= A,(T) + j(3-2A 1 (T)) 

= -1,5A,(T) + 3,75 =*■ A,(T) = -0,16. 


Chung ta nhan dude nhufng can tra \d\ khac oho A^T)! Neii ta c6 X\ (T) = 2. 
gia tri cua quyen chpn ban kieu Au, ta se co 


1 = 1 I 5A 1 (2') + 2 1 5=^A,(T) = -1; 

4 ~ — 1,5Ai (T) H- 2,5 =>■ Ai (T) = — 1. 

2.5.2 ThcJi diem dufng 

Cho khong gian xac suat P) va {^IJLo la nipt bo loc. 

Dinh nghla 2.5.1. Mot thdi diem difrig la mot biin ngdu nhicn 

r : H -> {(}, 1, 2,n} U {oo} 

co tinh chat: {co 6 Q\r(co) = k} e T ky V/c = 0,1,2, oo. 

Vf du 2.5.2. Xet mpt mo hinh nhj phan vdi 2 thdi ky, Sq = 4, u = 2; 
d = 0, 5; r = 0, 25; khi do p = = 0, 5. Gia suf t'o, V\, i >2 la cac gia tri cua ham 

thu hoach cho quy£n chpn ban kieu My vdi gia thuc hien la 5. Dinh nghla: 

t(lo) == mh\{k\v k (S k )} y vdi v k (S k ) = (5 - S k )+ . 
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Thcii diem dtifng r bieu dien “t,hdi diem dau tien gia tri cua quyen chon can 
bang vbi gia tri Ou.fr rhftf. cua no 1 '. Day la mot thdi diem tln.fr hion toi ifu. Ta 
nhan thay r&rig: 


T ( uj ) 


1 neu u> G At 

2 ncu c o G An 


Ta kidm tra dude r&ng r qua thtfc la mot thdi diem dting: 


{a; : T(a;) — 0} = 0 € 

{u : t(oj) — 1} = A r G T\ 
{a; : t(lS) — 2} — Ajj G 


Vi du 2.5.3. (Mot thdi diem ng5u nhien ma khong la thdi diem dufng). 
Trong rung mo hi nil nhi phan cj vi du tnrtfa, dinh nglna: 

p{bS) = min {k ; S*(w)} vdi Sk{u>) = m 2 (a;) = ^inin^ Sj (a>) 

Noi each khac p difng khi gia c6 phieu chain tdi gia tri nho nhik cua no. Bien 
ngdu nhien nay difrlr cho bdi: 

! 0 neu u 6 Ajr 

1 neu u) = TH 

2 neu u = TT 

Ta kiem tra rang p khong la mot thdi diein difng: 

{u ; p(u) = 0} = An t Fo 
{u : p(u) = 1} = {TH} i T, 

{w:p(w) = 2} = {7T}€^. 


2.5.3 Thong tin tang tcfi mot thcfi diem diftig 

Dinh nghla 2.5,2. Gia sxi r la mot thdi diem dimg. Ta noi rdng mot tap 
A 6 FI diicic idc dinh brfi thdi diem dting r ncu thoa man 

A n {ta ; t(lj) — k} G 

Ho cua cac tap xac dinh hdi r la mot cr-dai so, hj hieu la J- T . 
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Co sd Toan tai chink 


Vi du 2.5.4. Trong mo hinh nhi phan da xet trifdc day, dat: 


r(oi) = min {k ;v t (S k )} , v6i v k (S k ) = (5 - S k ) 


tire la: 


f 1 neu uj (E At 
T U \ 2 neu u> e Ah 

Tap {HT} xac dinh bdi thcJi diem r nhitng tap {TH} thi khong. Thtfc vay, 

{HT}C\{uj:t{lj) = 0} = 0 G 
{HT}n{u> : t(cj) = 1} = 0 € Ty 
{HT} H {u : t(lj) = 2} = {HT} G 


nhtmg 


{TH} n {u : t{lj) = 1} - {TH} £ T,. 


Cac nhan cua T t la: 

{HT},{HH),A t = {TH,TT}. 

Nhan xet (Gia tri cua qua trinh ngau nhien tai mot thcJi diem dftng): Neu 
(Q,J7\P) la mot khong gian xac suat, {^fc}Z = o la m Qt lqc dudi T, {^}J =0 ^ 
mot qua trinh ngau nhien thich nghi v6i bO Iqc nay, va r la mot thcJi diem 
dimg doi vdi cung loc, khi do X T la mpt bien ngau nhien ^>-do dude ma gia 
tri tai u) difde rho bdi: 

X T (u) = X tM M. 


Dinh ly 2.5.1. (Optional Sampling). Gia sti rang {Yt, ^jt}^ ^ 771 & 7nar ~ 
tingale ditdi (hoac {Vjt,-^fc}2 = o ^ m $t martingale dtidi). Gia stir va p la cac 
thdi diem difng bi chan, tuc la, co mot so khdng ngau nhien n sao cho: 

r < n, p < n, htiu chdc chan. 

Neu r < p hau chdc chdn y thi 

Yr < E(y p |^ r ). (2.27) 

Lay ky vong hai ve (2.27) ta thu dUdc E(Y T ) < E(Y P ) va trong trudng hdp 
rieng, Y 0 = E(Y 0 ) < E(Y P ). ' 

N6u {Yfe,,7 r jt}£i 0 ^ mot martingale tren, thi r < p suy ra Y r > E (Y p ,T T ). 

Neu {yfc,^i}?io ^ m 0t martingale, thi r < p suy ra Y T = E{Y p ,J r r ). 



Chifdng 2. Mo hmh ng&u nhien trong tai chinh vdi thdi gian rdi roc 


73 


Vi du 2.5.5. Trong vf du 2.5.4, ta d|nh nghia p(cj) — 2 vdi mQi u e Cl. Drfdi 
do do xa c suat trung hoa rui ro, qua trinh gia co phiou da chict khau 
la mot martingale. Ta tfnh 

E[(g) 2 S 2 |^]. 

Nhan tuf cua T 7 la {HH} t {HT} ) va A T . Vi the cho nen: 

E ((^) 2 S 2 ) | T t (HH) = ^ Sa(HH), 

E ((t) 2 S 2 ) | T t (HT) = S 2 (HT), 

va vdi t o e At, 

* [(<5»' s >) I T ] <"> - 5 (t)’ s ’< Tff > + 5 (i)’ s -' TJ ) 

= - X 2,56 + - X 0, 64 
2 2 

= 1,60. 

Trong moi truOng hop ta co (xem hinh 2.5) 

E f (5)^0 fr (HT) = f -J 5 _ T(W (W). 


2.6 Cac tfnh chat cua chufng khoan phai sinh 
kieu My 

2.6.1 Cac tfnh ch4t 

Dinh nghia 2.6.1. Mot chitng khoan phai sinh kieu My (American Derivative 
Securities) la mot day cac bien ngdu nhien khong dm {GjtJJLo sao c ^° 
la Fk-do dupe . Ngudi sd h-uu mot chxing khoan phai sinh kiiu My co the thuc 
hum tai bdt foj thdi diem k, m ndu anh ta thuc hien, anh ta nhan dupe thu 
hoach Gk ■ 
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Hinh 2.5: Minh hoa dinh ly Optional Sampling. 

Tir dinh nghia ta co: 

(a) Gia tri 14 cua chtfug khoan tai thcji didm k la: 

v k = max( 1 + r) k E [(1 + r)~ T G T \F k ] , 

d do maximum lay tren tat ca ca c thbi diem dinig r thoa man t > k, 
hau chac chan. 

(b) Qua trinh gia tri chiet khau {(1 -+ la martingale t.ren nho 

nhat thoa man: 

H > Gk, Vfc, hau chile chan. 

(c) B5t ky t.hdi diem dung r thoa man: 

V a = E [{1 + r)- r G r ] 

la mot thbi diem tlnfc hien toi Uu. Trong trudng hop rieng 

r 4 min {k ; V k = £4} 

la mot tlicJi diem time hien t6i Uu. 
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(d) V6i k — 1.2 ,n — 1, danli muc dau tu co phong ho cho bbi: 

A / , n _ -...a?*, H) - Vt + i (o^i t —ojjfc, T) 

^t [U'l > ■ ■ -. J / t r»-\ p / /-p\ 1 

(e) Gia sd vdi k va w nao do, ta co Vi (a/) — Gjt(ix;). Khi do ngtfcii so huu 
cluing khoan phai sinh can phai thifc hicn no. Nfiu ong ta khong thirc 
hicn, r.hi ngitdi ban cluing khoan co the t.ieu thu mot each true tiep: 

n(u)--‘^Eri4, l pai m 

1 -h r 

va van duy tri phong ho. 

2.6*2 Chu’ng minh cac tfnh chat 

Gia su {Gfc}^-o m Pt day cac bien ngau nhien khong am sao cho moi G* la 
J~k-do dime. Dinh nghla Tfc la tap cua tat ca cac thbi diem dilng r thoa man 
k <r < n hfm ch&c ch&n. Cung dinh nghla: 

V k - (1 4- r ) k max I [(1 + r)~ T G T \T k ] . 

TeTk 

Bo dO 2.6.1. Vi > Gjt vdi moi k . 

ChUng minh. Lay r 6 7i la hang so A:. □ 

B6 db 2.6.2. Qua £rm/i {(1 -h r) -fc V4}JJ_ 0 la mot martingale tren. 

Chang minh. Gia sd r* dat dime maximum trong dinh nghTa cua Vi+i, tufc la: 

(! + = E [(1 + r)~ T 'G T .\f M ] 

Vi t* cung thuoc 7i, ta co: 


[(1 + r)' (fc+1) 14+i|^ r »p] = 

= E [£[(l + r)-’-G T .|J- t+ i] \T k 


= E[(l+r)- r ’G r .|a] 


< maxE [(1 + r) r G r |^i] 

reTfc 

= (l+r)-*V t . 

□ 
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Bo dh 2.6.3. Neu {Yfc}£ =0 la mot qua trinh khac thoa man 

Y k > Gk, k — 0,1,n, hau chtic chdn 

va {(1 + r) —fc V)t}^_ 0 la mot martingale tren, thi 

Yk > Vjt, A: = 0,1, hau chac chan 

Chung rriinh. SOf dung dinh ly 2.5.1 (dinh ly Optional Sampling) vdi martingale 
tren {(1 + r)~*V*}£ =0 ta co: 

E [(1 + r)~ T Y T \Fk\ < (1 + r)- fc n, Vr € T k . 

VI the cho nen: 

V k = (1 + r)*max E [(1 + T)~ r G T \-Xk] 

r£T k 

< (l-rr)*maxE[(l + r)- r K|^] 

T C'l\ 

< (l + r)+l+r)+ 

= Y k . 

□ 

B6 de 2.6.4. D&t: 

c k = v k - T ^-E[y k+1 |^ Jc i 

= (1 + r)*{(l + r)~ k V k - E[(l + r)-<* +1 )y k+1 \? k ]}. 

Vi {(1 4- r) - *Vfc}fc—o fa martingale tren, Ck edn phai khdng am hau chdc 
chdii. Dinh nghia: 

A / \ Vfc+i(^i, H) — Vk+i{a>u ... y U k,T) 

(+i » - ■ ■ i LJk J O / U\ O / 'm\ ' 

'Sfc+H^li ■■■, ^k, H) - Sk+l(u>l, tiJ*, -* } 

Dat X Q — Vo va dinh nghia hoi quy 

X M = A k S M + (14- r)(X k -C k - A k Sk). 


Khi do X k = V k Vk. 
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Chting mink. Ta chimg minh bang quy nap theo k. Gia thi6t quy nap r<lng 
Xk = Vit, vdi k E {0,1,2, n — 1} nao do, ti'rc la vdi inoi (fjj, ta co; 

Xk(bJ\ , U) k ) = Vfc(cJi, CJjfc). 

Ta can chi ra rang; 

Uk, H) = Vfc+i (<Ji, 

Xk+i{uJ\, ...,uJk,T) = Vfc + i(o ...,u: k ,T). 

Ta cluing minh dang thtic thti nhat. dang thtic thUr hai nhan dupe tUdng tu. 
Trirdc ticn nhan thay rang: 

Vfc+i(o;i, u)jc) — Ck(oJi ,.-., io k ) = ——E [l4+i l^fc] (^i, ---HJt) 

1 + r 

= — (pi4+i(tJi, -■ m tJk> H) 4- qV k+ l (u u ...,cj ki T)). 

Hr 

Vi (a;i, u k ) se dupe co dinh trong cluing minh, ta se bo di ky hieu nay. 
Chang han, phudng trinli cuoi cimg co the viet ddn gian lihif sau: 


Ta tfnh 
X m (H) = 


Vk-C k = 


1 + r 


(WkMH) +m+i(T)). 


A k S M (H) + (Y+r)(X k -C k - A k S k ) 
g +1 !w!~? +l( m (^» W - t 1 + r ^ Sk) + ^ + r HU - c fc) 

ibAr+1 [n) - dk+Y{-i ) 

Vm [ H) TT i(T W 1 - (l + r)S fc ) + pV4 + i(H) + 5VWT) 

(u — d)6)t 

(W#) - V k+l (T))g + pVM(H) + qVk + i(T) 

V k+ k(H). 


2.6.3 Cac chAig khoan phai sinh phtfc hdp kieu Au 

De de hinh dung ve thdi diem dting toi Uu cho nipt cluing khoan phai sinh kieu 
My, ta nghicn ciiu cac chiing khoan phai sinh phiic hop ki<§u Au. 
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Cri sci To An thi chmh 


Mot chifng khoan phai sinh phijfc hdp kicu Au chila n+ 1 chilng khoan phai 
sinh don gian kieu Au (vdi ciing co phicu ed ban) dao ban tai car, thdi diem 
0 < 1, .... n; cluing khoan ma dao ban tai thdi difim j co thu hoach C y Vi the, 

mot cluing khoan phai sinh plnle hdp kieu Au dilOc thoa man bdi qua trinh 
{Cj}Jl 0 d do moi Cj la !F 3 do difdc, tile la, qua trinh (Cj}” =0 thich nghi vdi 
bo lot i^O’Oo- 

Phong ho mot doan vi (mot thu hoach - one payment): Ta co the 
phong ho cho mot vi the ng&n ban trong chilng khoan phai sinh kieu Au tint 
k. Gia tri cua chiifng khoan phai sinh kicu Au j tai thdi diem k cho bdi: 

Vi = (1 + r)*E [(1 + r)-*C,\Fk] ,h = 0, ...J, 

va danli muc dau tu phong ho cho clnifng khoan nay dude cho bdi: 



S& («1..... Mk, H) - s[ 3 l[u u ....a*. T)' 


Thilc vay, b3.t dan vdi V^ 3> va si dung danli muc dan tu (A^t.... A^,) ta co 
the ch&c ch&n rang tai thdi diem j ta co C 3 . 

Phong ho mot doan vi (tat ca cac thu hoach - payments): Bay gid ta 
tim each phong ho cho rnoi thu hoach Bht dau vdi Vo = Tai m6i 

thdi die in k 6 {(), 1 , ...,n - 1}, trude tien lam mot thu hoach £\ va suf dung 
danli muc dau tu: 


A t = A'* +1) - A^ +2) + ... + Ai 70 


bieu dien tat ca cac thu hoach trong ttfdug lai. Tai thdi diem n sau khi lam 
thu hoach cuoi cung C n , ta sc co chmli xac gia tri ban dan. 

Gia sfr ban sd lulu mot chufng khoan phai sinh phuc hdp ki£u Au (C ; }£ =n . 
Tmh 

v u - it V “ J) = 6 E(i + o _j c, 

j-o Li=o 

va su dung danh muc dau tu co phong ho la {A/JJTq. Ban co thS vay Vo va 
tieu thu no mot. each true ti£p. Ban bo ra = — Vq. Trong iri6i thdi ky k, 
niiari thu hoach Ct va sau do sii dung danh muc dau tu - A*. Tai thdi diem 
cu6i cimg n, sau khi nhan thu hoach C n tai san cua ban sc trd v6 0, tile la ban 
sc khong mic rid nua. 
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2.6.4 Thcfi diem thi/c thi toi \Xu cua chring khoan phai 
sinh kieu My 

Trong lime nay, chung ta tim thdi diem thuc hipn toi uu cho ngudi s 6 him mot 
chifng khoan phai sinh kieu My. Gia silf la mot chimg khoan phai sinh 

kmu My. Gia sir r la thdi diem dung ngudi sd him co kd hoaeh sir dung (Chung 
ta gia sir r^ng m6i Gk la khong am, vi the khong giam tmh tdng quat. ta co 
the gia thiet rang ngudi sd lulfu dirng tai thdi diem dao ban n non khong thuc 
hien trUde do). Sir dung thdi diem dirng r, trong thdi ky j ngudi sd him nhan 
dude tlm hoaeh 

Gj — 

Xoi each khae. moi khi dug ta chon nipt thdi difim dirng, ngudi sd huu co mot 
chiing khoan phai sinh kieu My nhif mot chtfng khoan phai sinh phufc hdp kieu 
Au ilia gia tri cua no la: 

V 0 = E ^(l + r)^C ; . 

n 

= I + 

J =0 

= E[(l+r)-'CV]. 

Xgifdi so him chirng khoan phai sinh kieu My co the vay lUdng tien nay ngay 
lap tire, neu ong ta chon, va dan tu vao thi trudiig bang thu hoaeh {Cj}J_ c da 
nhfm dude. Vi the, hudng toi Uu cua ong ta la sir dung mot thdi diem dirng r 
in a toi Uu Vq r) . 

Bo do 2.6.5. VJ^ duclc t6i Uu bdi thdi diem dilng: 

r* — min {k ; 14 = G4}. 

Cluing mmh. Nlicf lai dinh nghia 

Vo ^ max E [(1 H- r) _r G r l = max 14^ 
t£T 0 j ren 

Gia sir r' la mot thdi diem dirng ilia toi Uu Vg T \ trie la Vo = E [(1 — r)~ T ’G T <] . 
Vi {(1 + 7') _fr V4}2 =0 la mot martingale trim, tir dinh ly 2.5.1 va bat dang thric 
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Vfc ^ Gk til co; 


Vo > E 

= E 

> E 

= Vq- 


(1 + r)~ T ’V T '\f 0 

(1 -r r)- T V T ,] 

(1 + r)- T 'G T - \F 0 ] 


VI the cho ncn: 


Vn = E 


(1 r)~ T 'V T > = E U\+r)- T ’G T 


va 


V T > - G t > , hau ch&c chan. 

Chung ta vita chi ra rang, neu r' dat tdi maximum trong cong there: 

V 0 = max E [{1 +r)- r G T ] , 

thi 


(2.28) 


V T > = G t > , hau chac chan. 


Nlurng ta da dinh nghla 


t* = min {k ; V k = G k ] , 

va vi vay ta can phai co r* < r 1 < n hau chac chan. Tit dinh ly 2.5.1 suy ra: 

(l + r)’- T *G T - = (llrP’l/. 

> E 


- E 


[(l + r)- T V T ,|^ T .] 

(1 4- r)“ T G T .|J^V-| . 


Lay ky vpng ca hai ve ta dude: 

E [(1 + ry T 'G T -] > E [(1 + r)~ T G T > 


= V 0 . 


Dieu do suy ra rang t* cung dat tdi maximum trong (2.28) va vi the cho nen 
no la mot thdi didin thue hien toi uu cho chting khoan phai sinh kieu My. □ 
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2.7 Dinh ly Radon-Nikodym 

2.7.1 Dinh ly Radon-Nikodym 

Dinh nghia 2.7,1. Gid si2 IP vd P la hai do do xac sudt tren khong gian 
Ta noi rdng P tuyet ddi lien tuc doi vdi P niu vdi mot A E T thod 
man P(A) = 0, ta cung co P(A) — G. 

Dinh ly 2.7.1. (Radon-Nikodym). Gia su P tuyet doi lien tuc doi vdi IP. 
Khi do, co mot bien ngau nhidn khong dm Z sao cho: 

P(X) = J Zd P, MA e X, (2.29) 

vd Z duac goi la dgo ham Radon-Nikodym cua IP doi vdi P. 

Chu y 2.7.1. Phudng trinh (2.29) suy va dieu kien manh hon 

E\X] = E [XZ] 

vdi moi bien ngdu nhien X ma E|XZ| < oo. 

Dinh nghia 2.7.2. Ta noi rdng IP vd P tUOng dudng neu P tuyet dSi lien tuc 
doi vdi P va P tuyet dSi lien tuc doi vdi P. Noi each khac, P va P txidng ditdng 
niu vd chi niu: 

P(A) =0 mot each chinh xac khi P(A) = 0 t VA E T . 

Chu y 2.7.2. Neu P vd P tUdng duang vd Z la dao ham Radon-Nikodym cua 
IP ddi vdi P ihi — la dao ham Radon-Nikodym cua P ddi vdi P, tde la: 

Zj 

K'X\ = E[XZ\, MX, (2.30) 

E[Y] = E[yi], MY. (2.31) 

(Gia su X vd Y dtldc hen he bdi phiMng trinh Y = XZ ) di nhan thdy rdng 
(2.30) vd (2.31) la tiidng dildng). 
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Vi du 2,7*1. Gia sijf ft = {////, HT> TH , TT} la tap cua cac ket cue do dai 2 

, i 2 

cua phep tung dong xu. Gia suf IP bieu dien xac suat, - vdi H va — vdi T, va 
gia sijf IP biSu dien xac suat ^ vdi H va i vdi T. Khi do Z(u>) = , vay: 

Z(HH) = - a , Z(IIT) = z(77f) = §, Z(TT) = A. 


2.7.2 Martingale Radon-Nikodym 


Gia sii fl la tap cua tat_ca cac k6t cue khi tung n lan mot dong xu. P la do do 
xac suSt thi tnftfng va P la do do xac suat trung hoa rui ro. Gia sii: 

P(w) > 0, PM >0, V £ n, 

va do do P va P tiTdng dtfcJng. Dao ham Radon-Nikodym cua P doi vdi P la: 


ZH = 


PM 

PM' 


Dinli nghia P-martingale 

Z k = E[Z\X k \, k = 0,1, ...,n. (2.32) 

Chung ta co the kiem tra dinjc Z k thtfc sif la mSt martingale: 

E[^n-i|^ir] = lE[E[Z|^ , * + i]|J : *] 

= E\Z\F k ) 

= Z k 

Bo de 2.7.2. Neu X la J~ k - do diM:, thi E[X] ^ E[X Z k ], 

Chung minh. 

E[X] = E \XZ\ 

= E\E[XZ\T k \\ 

= E[X.E[Z\F k \] 

= E [XZ k ). 


□ 
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Chu y rang B6 de 2.7.2 suy ra rang neu X la JVdo dUdc, thi vdi bat ky 

Aefk, 

m A X] = E[Z k l A X\, 

ho&c tadng dating 

r Xd? = f XZ k d?. 


IA J A 

B6 d£ 2.7.3. Neu X la T^-da diKjc va 0 < j < k, thi: 

%X\T } ) = -^-E[XZk\Xj\. 

Chiing minh. Trade tien ta nhan thay rang -^-E[XZklFj] la .Fj-do dude. Vi 
vay, vdi bat ky A € T : , ta co: 

f ^-E[XZ k \Tj]& = f 2-E[XZ k \Xj]dP (b6de 2.7.2) 

J A Zj JA 

= J XZkdF (TYung binh rieng) 

= f d P (bo do 2.7.2). 

Ja 


n 


Vi du 2.7.2. (Dinh ly Radon-Nikodym). Hinh 2.6 chi ra cac gia tri cua 
martingale Z^. Ta luon co Zq — 1, vi: 

Z a = E [Z] = f ZdP = P(fi) = 1. 

Ja 

2.7.3 Qua trinh mat do trang thai gia 

Nh&m xac dinh gia tri cua mot chirng khoan phai sinh thco cac dai hfdng cua 
thi trtrdng co tmh xac suit, ta xay dung qua trinh mat do trang thai gia sau: 

Ck = (1 +r)~ k Z k , k = 0, ... t n, 


trong do Zk xac dinh bdi (2.32). Ta co cac cong thtic dinh gii sau: 
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Hinh 2.6: Chi ra gi& tri Zk trong mo hinh nhi phan 2 then ky u - -,d — 

(J 

Xac: suit chi ra la P, khong phai P. 

V(3i mot chirng khoan phai Hinh cldn gian kidu Au. tliu hoach Ck tai then 
diem k : 


Vo = E[(l + r)~ k C k ] 

= E[(l 4- r)~ k Z k C k ] (b6 de 2.7.2) 

= E[0kC fc ]. 

T5ng quat hdn niia, vdi 0 < j < k> 

Vi = (l+ryE[(l+r)- fc C t |^] 

= — t, r)J E[(l + ry k Z k C k \T 3 \ (b6 de 2.7.3) 

Zj 

= i-E[CfcC*|^]. 


Chu y 2.7.3. {CiVj}*_ 0 ^ m & martingale dicdi do do P. 


CM ICO 
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That vay, ta co the kiein tra nhn sau: 

E[Q +l V j+l \^} = E[E|a^]^ +1 ]|^J 

= E[aai^] 

= CM- 

Bay gid vdi mot chi'rng khoan phai sinh kilu My {G\}" =0 : 

Vo = supE[(l + T)- T G r \ 

’•eTo 

= supE[(l +r)- T Z T G T ] 

tETq 

- BUP E[CrG x ). 

t€Tq 

long qua hdn nita« vdi 0 < j < n, 

Vj = (1 4- r) J sup E((l 4- r) _T (7 T |J r J | 
rer, 

= (1 + ry sup Te[(1 + r)- T Z r G r |^j] 
= I S npE[C T G r |JF J ). 

Cj reTj 


Chu y 2.7.4. Nhdn thdy rang: 


(a) {CjVj}j l =0 /a rno/ martingale tren dudi da do P, 

(b) C 3 V 3 > (jG, Vj, 

(cj {CMU ^ trinh nho nhat co cac tinh chat (a) va (b). 

Ta hinh dung Q bang each quan sat ring Ot(u;)P(u;) la gia tri tai thdi diem 
khfing cua hdp dong ma t.ra 1 USD tai thdi difim k n6u c j xay ra. 


Vi du 2.7.3. (Dinh ly Radon-Nikodym). Ta minh hpa viqc su dung cac 

cong tlidc dinh gia oho cinnig khoan phai sinh kieu Au va kieu My trong {’.ax' 

1 2 

dai Itfcmg cua thi trildng. Nh&c lai rang p = q = - Gia tri trang thai gia Ot 

O o 

dupe chi ra trong hinh 2.7. 
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Xet mot quycn chon 11111 a kieu An v6i gia thiic tin 5, tlicli gian dao han 2, 
ta co: 

V 2 (HH) = 11; C 2 (HH)V 2 (HH) = 1,44 x 11 = 15,84; 

V 2 (HT) = V 2 (TII) = V 2 (TT) = 0. 

Vo = lx lx 15.84 = 1,76; 

Vi (H) = 1 x 13,20 = 4,40. 

So sanh vcn cong thtfc dinh gia trnng hoa rui ro: 

Vi (H) = lv } (HI1) + l\\(HT) = |xll = 4,40; 

O 0 0 

Vi(T) = lv,(TH) + lv,{TT) = 0; 

0 0 

V„ = + -Vi(T) = 25 x 4,40 = 1,76. 

5 5 


So = 4 
Co = 1,00 


Ci(ff) = l,20 

s 1 (H) = & : 


Si(T) = 2 
C,(T) = 0,6 


Z 2 (HH) = 16 
(,i(HH) — 1,44 


C 2 (flT) = 0,72 
. Si(HT) = 4 
• S 2 (TH) = 4 
C 2 (Tff) = 0,72 


Qi(TT) = 0,36 
S 2 (TT) = 1 


12 _ 

Hlnh 2.7: Chi ra gia tri trang thai £/t, u = —, <i = —. Xac suat chi ra la P, lchong 

U <3 

phai IP. 
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Bay gib xct mot quyen chon ban kigu My vdi gia thuc thi 5 va thdi gian 
dao lian 2. Hmh 2.8 chi ra gia tri rua <^(5 — + - Ta tmh gia tri cua quyen 

chon ban dufcfi cac thcJi didm ditng khac nhau: 

( 0 ) Dimg true tiep: gia tri la 1 . 

( 1 ) Mu t(HH) = t(IIT) = 2 , r{TH) = r(TT) = 1, gia tri la 

- x - x 0,72 + - x 1,80 = 1,36. 

3 3 3 

( 2 ) Ncu ta diftig tai thdi diem 2, gia tri la 

12 21 22 
- x - x 0,72 + - x - x 0,72 + - - x 1,44 = 0,96. 

Ta nh 5.11 thiy ring (1) la thdi diem dtfng toi ilu. 


( 3 - 

Co(6 


(5 - Z 2 (HH))+ = 0 
( 2 (HH)(b - Z 2 {HH)) + = 0 


Q(H)(n-S l (H)r = 0 

(o-S,( //))+ = 0 



( 2 (HT)(b - S 2 (HT)) + = 0,72 
(5 - S 2 {HT)y = 1 
(5 - S 2 (TH))+ = 1 
C2(TH)(:> - S 2 (TH))+ = 0,72 


(3 — Si{T)) + = 3 ^ 

C,(r)(5 — 5i(2’)) + = 1,80 


6(TT)(5-ft(7T))+ = l,44 
(5 - S 2 (TT)) + = 4 


Hinh 2.8: Chi ra gia tri £*(5 - Sk) + cho mot quyen chQn ban ki6u My, u = 
2 

d = Xac suat chi ra la P, khong phai P. 
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2.7.4 Do bicn dong ngau nhien trong mo hinh nhi phan 

Gia suf Q la tap cac ket cue ciia ti lan tung mot dong xu va 0 < d k < l \-r k < u k , 
d do vdi moi k,d k ,u k ,r k la F k -d o dupe. D&t 

1 + - d k ~ u k - (1 + r fc ) 

p= --—, q - --j-. 

Uk - d k u k - dh 

Gia sijf P la do do xac suat trung hoa rui ro: 

P(^i = H) = pa, 

P(wi =T) = q 0 , 

va vdi 2 < k < n, 

P(^Jt+i = H\F k ) = ?jt, 

P(^*+L = = q k - 

Gia su P la do do xac suat thi triicmg, va gia six P(cj) >0, \fu) E Q. Khi do P 
va P la tucmg diidng. Dinh nghia 

z< " ) -pS v " ea 

Z k = E[Z\T k ], k = 0,1, 

Ta dinh nghia qua trinh gia. thi triMng nhu sau: 

M 0 = 1 , 

= (1 + r k -i)M k _ ly k = 1 ,n. 


Nh^n thay rkng M k la JF^-do dude, 

Ta dinh nghia qu& trinh gia trang thai la: 


1 





k = 0,1,n. 


Qua trinh danh muc dau tit {Ajt}£ = Q. Qua trinh gia tri t\r dilu chinh tai chinh 
(qua trinh tai san) gom co X 0 , tai san ban dau khong ngau nhien. va 


^Jk+i = &kS k +\ + (1 + r fc )(Xjt - AfcSjfe), A: = 0, ... t n - 1 . 
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Khi do cac qua trinh sau la martingale dvrdi do do 


1 

A4 


va 


k=l J 


1 




k=ii 


va car qua trinh sau la martingale ditcii do do P : 

{QStYLo * IWL 0 - 

Vi the ta co cong tlnfc dinh gia sau: 

Chiirng khoan phai sinh kieu Au dcfn gian vcii thu hoach Ck tai thdi did in 


Ck 

7i 

[M k 

j 


V } - AfjE 

Chtfng khoan phai sinh ki£u My {Gfc}£ =0 : 

G t 


Vj — Mj sup E ^IjF; 

r£T } iMj I 

= ~ sup E[( T G , T |^ r j]. 
Cj reT, 


Car cong thtic phong ho danh muc dau tu thtfdng dung van con dung. 


2.7.5 Mot ufrig dung khac cua dinh ly Radon-Nikodym 

Cho (U,X, Q) la mot khong gian xac suit. Gia sCf Q la mot <r-dai s6 con ciia 
7 , va gia sir X la mot bien ngau nhien khong am vdi f n X dQ = 1. Ta cau true 
ky vong dieu kien (dirdi <Q) cua X doi vdi Q. 

Tren Q , dinh nghla hai do do xae suat: 

P{A) = Q(A) VAzQ 

P(y4) = J XdQ VAee. 

Khi Y la mot bien ngAu nhien 5-do dupe, ta co: 
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n6u Y — Ua vdi A t Q nao do. Neu A e Q va P(A) — 0, thi Q(A) = 0. vay 
F(A) — 0. Noi each khac, da do P tuyet doi lien tuc doi vdi do do P. Dinh ly 
Radon-Xikodym suy ra ring ton tai mot bien ngau nhien Q~do diroe Z sao cho 

P(A) = j ZdP, VA £ G, 


tire la 


XdQ = / ZdP VA e Q. 


Dieu nay cluing to ring Z co tmh chit ‘‘trung blnh rieng", va vi Z la C7-do 
dune, no la k. vong dieu kion (ditdi do do xac suat Q) cua X vdi Q. Sit ton tai 
cua ky vong dieu kieu la mot he qua cua dinh ly Radon-N’ikodym. 


BAI TAP 

Bai tap 2.1. Mot co phieu co gia hien tai la 40 USD. Biet rang vao thdi diem 
cu6i thing nay no so co gia la 42 USD hoac 38 USD. Lai suat phi rui ro la 
8 %/nam chtdc tmh tlieo lai gop lien tuc. Tmh gia tri cua mot quyen chon mua 

kieu Au vdi thdi ban 1 thing va gia thitc bien la 39 USD. 

Bai tap 2.2. Mot cd phieu co gia bien tai la 50 USD. Biet ring vao thdi diem 
cuoi cua 6 thing tdi no se co gia la 44 USD hoac 55 USD. Lai suat phi rui ro 
la 10%/nam duoc tinh theo lai gop lien tuc. Thill gia tri ciia mot quyen chon 
ban kidu Au vdi thcJi ban 6 thing va gia time hien la 50 USD. 

Bai tap 2.3. Mot cd phieu co gia hicn tai la 100 USD. Moi 6 thing sau no 
dupe ky vong se tang 10% hoac giain 10%. Lai suat phi riii ro la 8%/mini (lime 

tmh theo lai gop lien tuc. Tinh gia tri cua mot quyen chon mua kieu Au vdi 
thdi ban 1 nain va gia thitc hien la 100 USD. 

Bai tap 2.4. Vdi gia thidt nhu bai tap (2.3), tmh gia tri cua mot quyen chon 
ban kieu Au vdi thdi ban 1 nam va gia thitc hicn la 100 USD. 

Bai tap 2.5. Mot c6 phieu co gia hien tai la 50 USD. Biet ring vao thdi diCm 
cuoi cua 2 thing tdi no se co gia la 53 USD hoac 48 USD. Lai suat phi rui 
la 10%/nim dupe tmh theo lai gop lien tuc. Sit dung nguyen ly khong cd ldi 
hay tmh gia tri ciia mot quyen chon mua kidu Au vdi thdi han 2 thang va gia 
thuc hien la 49 USD. 
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Bai tap 2.6. Mot c8 phicu c6 gia hicn tai la 50 USD. Mai 3 thang sau no 

dude kv vong sc tang 6% hoar giain 5%. Lai suat phi rui ro la 59c/nam difor 

tinh thro lai gop lien tuc. Tfnh gia trj cua mot quyen chon mna ki6u An vdi 
thdi han 6 thang va gia thtfc hicn la 51 USD. 

Bai tap 2.7. Mot c6 phicu co gia hien tai la 40 USD. M6i 3 tliang sail no 

diroe ky vong se tang 10% hoar giain 10%. Lai suat phi rui ro la 12%/nam 

diftir tinh thro lai gop lien tur. 

a) Tinh gia tri cua mot quydn chon rrma kieu An vdi thdi han C thang va gia 
thi.re hien la 42 USD. 

b) Tinh gia tri cua mot quydn chon ban kieu Au vdi thdi han 6 thang va gia 
thirc hien la 42 USD. 

Bai tap 2.8. Mot c6 phicu co gia hien tai la 25 USD. Diet rang vao cuoi 2 
thang sau no se co gia la 23 USD hoac 27 USD. Lai suat phi rui ro la 10%/nam 
duor tfnh theo lai gop lien tuc. Gia stlf rang St In gia ro phieu tai thdi diem 
cuoi ciia 2 tliang sau. Tinh gia tri cua mot cluing khoan phai sinh ma tra S? r 
tai thdi diem nay. 

Bai tap 2.9. Xet mo hinli nhj phan vdi 2 tai sail, gia hop dong K — 3, lai 
sufit r = 0 va qua trinh gia nhu sau: 


t -1 

■ n 

Sn(0) 

S»(l)(«i) 

5u(l)(^) 

5„( l)(<ja) 

1 

4 

8 

c 

3 

2 

7 

10 

i_ 

8 

4 


Chi ra rang toil tai mot ('hien lifcte dan tit t.rqi va thda man luat mot gia. 

Bai tap 2.10. Xct mo hinh nhi phan vdi 2 tai san, gia help dong K — 4, lai 
su4t r = 1/9 va qua trinh gia nhij sau: 


n 

Sn(0) 

&(1)M 

£.(!)(*■*) 


S n (l)(u 4 ) 

1 

5 

CO/9 

60/9 

40/9 

20/0 

2 

10 

40/3 

80/9 

80/9 

120/9 


a) Xac. dinh qua trinh gia da chict khau 

l>) Chi ra rhjig ton tai mot chirn hrdc dan tif trdi nhimg rd err hoi r<5 loi. 

Bai tap 2.11. Goi W = {X € R K : X = danh muc ldi nhuan da chiol khau 
dug vdi mot clhens luoc dan tu nho do}. Chung minh rang W va \V K la cac. 
khong gian tuyen tinh eon cua 




Co s<5 To An tai chink 


92 


Bai tap 2.12. Chi ra car tap W va W r trong bai tap (2.10) 

Bai tap 2.13. Gia sir K — 2. N = 1 va lai su5.t la mpt tharri s6 r > 0. Gia sir 
So = 1, Si (ui) — u (up) va Si(lj 2 ) = d (down) vc'ii u > d > 0. Vdi gia tri nao 
cua 7\u.d tin ton tai mot do do xac suat trung hoa rui ro khong? Co the noi 
gi ve do do nay? Vdi car gia tri con lai cua cac thain so co ton tai cd hoi cd Idi 
khong? 



Chtfcfng 3 

Mo hinh nufa lien tuc va chuyen 
dong Brown 

Chtfrtng nay goin cac van do sau: 

• Mo liinh mra lien tuc. 

• Qua trinh ngau nhicn vdi thdi gian lien tuc. 

• Chuyen dong Brown. 

3.1 Mo hinh ntfa lien tuc 

3.1.1 Chuyen dong Brown vdi thdi gian refi rac 

Cho {Yj} T j =l la mot ho cua cac bicn ngau nhien chuin 1), doe lap xk 
dinh tren khong gian xac suit (Q,^, P), d do P la do do thi trtfdng. Ky hieu 
Y = {Y),Y 2 .Ki) T i kki do vdi bat ky vec to (thixe) u = ...,u n ) T ) ta 

co: 

E[e uT ' 1 '] = E exp j = exp ■ 

D 0 = 0, 

k 

B k = Y^ Y i' k=1 . n - 


la dinh nghla: 
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Qua trinh ngau nhien {£jt}]J = i dirqc gpi la mpt chuyen dong Brown rdi rac 
(xem hinh 3.1). Ro rang, neu ta biet Yi, Y 2 , Y*, thi ta biet B 1? B 2l ..., B k va 
ngupc lai, neu ta biet B\ y B 2 , ..., £*, thi ta biet Yi = £ 1 , Y 2 = £2 — 

Yk — Bk — Bk~ 1 . Ta xay diXng mOt bO Iqc: 

To = {<£, fi}, 

■fit = <j(Y u Y 2y ... } Y k ) = o(B u B 2i ...,B k ),k = l,...,n. 

Dinh ly 3.1.1. {£fc}jj_ 0 ^ martingale. 

Chxlng minh. De thay {£fc}£ =0 ^ rn0t qua trinh thich nghi vdi bo loc {}]J = o• 
Vdi moi k = 0,1, ...,n — 1, ta c6: 

= E Vfc+i -f Bk T k 

= E[n + i]-h£, 

= B k . 

Vay {£jt}jJ_ 0 la mQt martingale. □ 


K 


k 

/] \* r, 

h \ 

▼ \ 

U j 

/l< 

1 

% 

• 

0 

1 2 \ 

a / 

▼ ^ 

4 


k 

V . 



Hinh 3.1: Chuy§n dpng Brown vdi tlidi gian rdi rac. 


Dinh ly 3.1.2. {B k } k=Q la mpt qua trinh Markov. 

Chitng minh. Nhan thay rang: 

E [/i(B t+1 )|^] = E [h(Y k+l + . 
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Si’f dung b5 do 2.4 1, ta dinh nghla 


5(6) = E [6(U +1 +b)} = ~J X h(y + byr'^dy. 


Kin do 


Elh(Y M +B k )\F k =g(B k ) 


la mot ham cua B k . Vay {£*}jj _ 0 ^ m 0t qua trinh Markov. 


3.1,2 Mo hinh thi trifdrig vcli thcli gian rcfi rac 

Cho khong gian xac suit (Q, IP). Gia su {5fc}J =C) la mot chuyGn dong Brown 
vdi thbi gian rdi rac. Ta ky hicu: 

• /j Gl, la lpi suit trung birih ciia cluing khoan. 

• a > 0, la do bicn dong gia cluing khoan. 

• Sq > 0, la gia chumg khoan g6c. 

Qua trinh gia chtfng khoan (xem chuong 5 cho tracing hop tong quat) 
duoc oho bdi: 


S k = Sq exp oB k H- f fi “ -a 1 ] k > . A: = 0,1,n. 


Xhan thiy ring: 


Sk +1 « S k exp l <jY m 4- I (i - ~rr‘ 


E f5fc +1 |jF fc ] = SkEle^'lFk]^-? 


c y 2 

s k c 2 e 


Do do: 


V = log 1 • = logE 


Var log Var aY M + - -cr 2 j = a 2 . 

Cac qua trinh khac trong mo hinh tin trifbng nay xac dinh nhtf sau: 
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Qua trinh tign te trong thi trtfdng: 

M k = e r \ fc = 0,l....,n. 

trong do r la lai suat. 

Qua trinh danh muc d5u tu 1 : 

• Aq, Ai.A n -i, 

• M6i Afc la .TVdo dude. 

Qua trinh tai san: 

• X Q da rho. khong ngUu nhidn, 

Xk+i = A k S k+ \ + e T (Xk - AkSk) 
= Afc(5jt + i - e r Sk) + e r Xk- 


• Moi Xk la dityc. 

Qua trinh tai san da chiot khau: 

* fc+ i = i Sk\ X k 

k \M k+ 1 M k ) + M k 


(3.5) 


3.1.3 Do do xac suat trung hoa rui ro 

Dinh nghia 3.1.1. Gia si? P la mot do do xac suat tren tilting dUting 

vdi do do thi tritdng P. Ta noi rdng P Id. mot do do trung hda rui ro neu 
^ ^ maT ^ n 9 a ^ e dtidi do do P. 

Dinh ly 3.1.3. Neu P la, mot do do trung hda rui ro , thi moi qua trinh tax san 
dd chiet khau & martingale dudi P, khong phu thuoc vao qua trinh 

danh muc dau tu sink ra no. 
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Chting minh. Tuf (3.5), dc thay la mot qua trinh thich nghi vdi bp 

loc {Ft c}£ = o- Vdi mm k = 0,1,..., n — 1, ta co: 


E 

[X M 

1 „ , 

F k 

= e\ai.( Sk+l - 


) + # 

F k 


[ Mk+ 1 


+ 

i 


' M k 



= AfcfE 

Mk 


Sk+ i 


Mi 


fc+i 


F k 


S k 


X k 


M k M k 


VTiy qua trinh | ^ j la mot martingale dudi dp do IP. 


□ 


Trd lai mo hinh thi trUdng da xet d tren, gia sir V n la thu hoach tai thbi 
diCm n, V n la j^-do dupe (ehu y rang V n co thS co quy dao doe lap). Ta phong 
ho eho mot dodn vj nhtf sau: 


• Ban mot chung khoan phai sinh ddn gian kiSu Au V n . 

• Nhan A 0 tai thbi diem 0. 

• Cau true mot qua trinh danh muc dau t \i Ao,.... A n _i ma bat dau vdi 
Xq va ket thuc vdi X n = V n . 

• Nou co mot dp do trung hoa riii ro P, thi: 


Aq — IE 




’ v n " 

l- - 

^ ; 

- E 

[Mn\ 


Chu y 3,1.1, Ta thudng. khong the phong ho trong mo funh hu'ta hen tuc” vl 
khong co du ngdy giao dich. Khd khan nay se khong xudt hien khi chung ta xet. 
mo hinh hen tuc day du. 


3.1.4 Arbitrage 

Dinli nghTa 3.1.2. Mot Arbitrage Id mot danh muc dau tu md bdt dau vdi 
Aq — 0 va ket thuc vdi X n thod man: 


P(A n > 0) = 1, P(A n > 0) > 0. 
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Cd sd Toan tki chinh 


d day \k do do thi trtfbng). 


Dinh ly 3.1-4. (Dinh ly cd ban cua dinh gia tai san). Niu trong thi 
trttdng co mgt do do trung hda rui to thi khong co Arbitrage. 

Chiing minh. Gia sti P la mot do do trung hoa rui ro, Xq = 0, va gia sir X n bidu 
dien gia tai sail cuoi cimg ring vdi mot danh muc dau tu nao do. Vi | j 

la mot martingale doi vdi do do P nen ta c6: 

E^l.E^Ua (3.6) 

[M n J [Mo] 

Gia sri V(X n > 0) — 1. Ta co 

P(X n < 0) = 0 =!> P(X n < 0) = 0 P(X 7l > 0) = L (3.7) 
Tri (3.6) va (3.7) suy ra P(X n = 0) — 1. Suy ra 

F{X n > 0) = 0 => ¥(X n > 0) = 0. 

Dieu nay chiing to thi trudng khong co Arbitrage. □ 

V4n do dat ra la co ton tai mot do do trung hoa rui ro trong mo hiuh thi 
tnrdng “nria lien tvic’’ cua ta hay khong? 

Tri cac cong thric (3.1), (3.2), vdi moi k = 0,1,..., n - 1, ta co: 


Sk+ i _ Sk 
M k +\ M k 


exp { aY k +1 +\ii-t- -tr 


Do do: 


k = x E oxp {aY k+l } X k x exp j/x - r - j 


exp < -a > x exp < /x - r - -a 


Ncu /i = r, do do thi trudng la do do trung hoa rui ro can tim. 
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Ncu fi r, ta viet lai cong thufc (3.8) dudi dang: 

S ftf , S k f v ^ / 1 2 \1 

= ^ CXP r n+ 1 + ^-r-r Jj 


trong do 


^jfc+l — VfcH-l + 


/i - r 


(i — r , 

la ky hicu 0 = - va goi la gzd rm ro cua thi trudng. 

o _ 

Bay gid ta di tim mot, do do xac suit IP sao cho Yi, Y 2 ,..., la cac bien 
ngau nhien doc lap, chuan hoa va 

= I^pIMx^pI-H 


Y tudng cua Cameron-Martin-Girsanov: Xac dinh mpt bien ngau nhien: 


Z — exp 




co cac tmh chat sau: 


7 > 0. 


E[Z\ = E exp x exp|-^ 2 | 

= cxp{^}xcxp{-^}=l. 


P(vl) = / ZdP V/l € T. 

JA 


Dinh nghia 
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Ccf sd Toan tai chinh 


Klii do ?(/4) > 0 vch mpi A € T va 

P(fi) = E[Z1 = 1. 

Tit do suy ra P la mot do do xac suit. 

Chung ta se chi ra rang P la do do trung hoa rui ro. Di lam dilu nay. chung 
ta chi cin chi ra ring cac biin ngau nhien 

Y 1 = Y 1 + e.Sn = Y n + e 

doc lap, chuaii hoa doi vdi dO do P. 

That vay t.tr dinh nghia cua Vjt, k = 1 ,n va Z ta co: 

• y 2 , ...,y n la cac bicn ngiu nhien doc lap, chuan hoa ditdi do do P va 

e|cx P j=« p{e^} . 

• E[X] = E \XZ) vdi moi bicn ngau nhien X. 

• Ham sinh moment cua (Vi, Y n ) ditdi do do P: 


E 


= e exp + 9) + £ [~ev } - j 

= E exp|^(w j - 0)Ej| xexpj^ _ | 

= exp jyi i(Mj - 0) 2 | X exp (ujd - ifl 2 j | 

= ex p |y (^“j - u i e +^ 2 )+(v - \°^ | 

■ “ p {gH 
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Vay Y\ =Y\ + B'...'Y n = Y n -\-B la cac bien ngau allien doc lap, cliuin lioa ddi 
vdi do do IP. 

Vi du 3.1.1. (Dinh gia quyen chon mua kieu Au). Xet mot mo hinh thi 
trirciiig mia lien tuc. Gia co phieu t$i thcii diem n la: 


S n = S Q exp B n + - -a J n j 

- S 0 exp j/r^y, + (/* “ n | 

= So exp X + r ) n + n | 


= So exp < a Yj 4- [ r - 


r r ■ 


Thu hoach tai thcii didm n la (S n — K) + . Gia tai thcii diem 0 la: 

l «, J 

= E e.~ Tn ^S 0 exp |<t ^ Yj + (r - n| - 
= /_! e_r ’*( Soex P{«+(••-5^)«}-^) 

n 

(vi ^ Yj la bien chudn vdi trung binh: 0, phircmg sai: n, dudi F) 


3.1.5 Chuyen dong Brown hinh hoc 

1. Chuydn dong Brown hinh hoc 

Tung mot dong xu vo lian lan, khong gian mau Q la tap cua tat ca cac day 
vo h$n u — (ui,u) 2 , •■ ■) cua H va T. Gia stf cac lan tung la doc lap, trong moi 

* ^ 1 

lin tung, xac suat cua H va T deu bang —. Dinh nghTa: 


1 neu Uj — JT, 

— 1 neu ujj = T. 
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Tti do suy ra: 


log tp k (u) = k log C^e “ + * 


Dat x = khi do: 
k 


lim log<p*(u) 

k--oo 


Ml 1 


,UJ | 1 —ltx'| 


!£gtLC _ Ug-UI 

lim -?-t- ( Quy tic L’Hopital 

x-o le w + \e-™ 


Vi the cho ncn; 


lim tp k (u) = e° = 1, 

*—*oo 


la ham moment sinh cua hang so 0. Tir do ta co dieu phai cluing minh. 


Dinh ly 3.1.6. (Dinh ly gidi han trung tam). 


= Mjt —► Biin ngdu nhien chudn hoa, khi k —> oo. 


Cfiling minh. Ta co: 


E expj-^=A4 


1 u 1 u \ 

7**2' 31 ■ 


log (fk(u) = k\og (“e'/fc + 'A 
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Dat x = ^=, khi do: 


lim log^ fc (u) 

k—*o O 


log (§e“ + ie-“) 

Inn---z—^- 

*—o x 2 

u „ux _ u „-ui 


— lim 


2 e - 


*^Q2x (^e 1L£ + | er 7XX ) 
1 


(Quy tic L’Hopital) 


= urn 


-o (\c HX + ^e-^) *-o 


_ U —ux 

x lim 1- 1 


2z 


J£ pttx _ U -ux 

= lim —- 

x—*o 2x 

t£*ux _ U 2 
■i c. o K 


— lim 

x—n 
1,2 

’ 


2 


Vi the cho nen: 


lim ^fc(it) = 
k —*oo 


la ham moment sinh cua mot bien ngau nhien chuan hoa. Tft do ta co dieu 
phai chufng minh. □ 


2. Chuyen dong Brown nhtY mot gidi han cua cac btfdc ngiu nhien 

Gia sef n la mot so nguycn duong. Neu 2 > 0 va co dang khi do dat 

D^\t) = 4=m„ = T Mk . 

sjn y/n 

Nlu t > 0 khong co dang thi dinh nghia £^(t) bdi phep noi suy (xcm lhnh 
3.3). 

San day la mot so tmh chit cua B^ 00 \t) : 



Chitting 3 , Mo h;nh m/a iien tuc va cimyen dong Brown 



£/« 


(k+I)/n 


Hinh 3.3: Phcp noi suy tuyen tlnh do xac dinh Bi n \ 


Che tinh chit cua B^ 100 ^(l): 


100 

■B (l00) (l) = — Xj (X&p xi chuan), 

i=i 
100 

E[B< m \l)] = -'£E'X J } = 0, 

;=i 

100 

Var[B« 100 »(l)] = —^VarpOl = 1. 

J = 1 

Cac tmh chat cua B^ 100 ^(2) : 

200 

£(njfl)( 2 ) _ __ (Xap xi chuin), 

j-i 

E(£ (100) (2)] ■= 0, 

Var[£ (100) (2)] = 2. 

Ta cung nhan thay ring: 

• £< 100 >(1) va £ (10 °)(2) - B {100) (1) la doc lap. 

• £ (10 °}(£) la mot ham lien tuc cua t. 

De nhan dtfdc chuyen dong Brown, cho n —♦ oo trong t > 0. 
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Co so Toon tai chinh 


3.2 Qua trinh ngau nhien vdi thefi gian lien tuc 

Trong chitting 2 cliung ta da lam quen vdi cac qua trinh ngau nhien vdi thefi 
gian reJi rac. Trong muc nay ta m3 rong cac ket. qua do cho cac qua trinh ng&u 
nhien vdi thdi gian lien tuc. 

3.2.1 Khai niem 

Cho (Q, X, IP) la mot khong gian xac. suat. 

Mot qua trinh ngau nhien (X t ), t > 0 la mot ham hai bien X(t, lj) xac dinh 
tren tfch R 4 x Q lay gia tr| trong R, va, la mot ham do dupe d6i vdi a-trtidng 
rich x JF, trong do B^+ la cr-trudng cac tap Borcl tren R 4 = [0, oo). 
Nhan xet: 

(a) Vdi moi t > 0 thl X(t,u) la mot bien ngau nhien. 

(b) Khi co dinh mot lj E 0, thl anh xa rieng phan: 

t i—♦ X(t,u) 

tCf R 4 vao R dupe goi la mot, quy dao cua qua trinh ngau nhien X = (X t ), 
l > 0, ting vdi yen to ngau nhien w ay. 

(c) X6u X lay gia tri trong khong gian R n (n > 1) thi ta co mot qua trinh 
ngau nhien n-chicu. 

(d) Trong tai chinh, cac qua trinh gia chting khoan S t , gia trai phidu P t , gia 
san pham phai sinh C t , ... deu dupe xem la cac qua trinh ngau nhien. 


3.2.2 Qua trinh ngau nhien thich nghi vdi mot bo loc 

Mot ho cac a- trudng con (Tt), t > 0 cua T s C T, dupe gpi la mot bo loc 
thoa man cac diiu kien thong thudng n6u: 

• Do la mot ho tang theo £, turc la X s c Tt neu s < t, 

• Ho do la lien tuc phai, life la J~ t = n^ i+£ , 

• Neu A E T va P(X) = 0 thi A £ Xo (va do do A nam trong moi Ft). 

Cho mot. qua trinh ngau nhien X ~ (X*), t > 0. Ta xet cr-trudng F* sinh 
bed tat. ca cac bien ngau nhien X a vdi s < t : F* — a (X S) s < t). cr-trtfpng 
nay elitia dung moi thong tin ve dien bien qua khti cua qua trinh X cho den 
thefi diem t . Ngudi ta goi do la bo loc tu nhien cha qua trinh X, hay la lich sti 
cua X, hay rung con gpi la trudng thong tin ve X. 
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Mot khong gian xac su4t (i'l ) _F, IP) treri do ta g&n them vao mot bo loc (J^), 
d\Me goi la mot khong gian xac suat dtftic. loc va ky hieu la (O, JF, (JFi),P). 

Cho mot khong gian xac suat dUdc loc (fl,:F, (^),F). Mot qua trinh ngau 
nhien X — (X t ) : t > 0 dude goi la thfch nghi vdi bo loc (Ft)t >o neu vdi mdi 
t > 0, X t la jF f -do dude. 


3.2.3 Thdi diem Markov va thdi diem dCfng 

Cho mot khong gian xhc suat duck: loc (Q, JF, (jF t ),P). 

Mot bicn ngau nhien r dUdc goi la mot thdi diem Markov lieu vdi moi t > 0 
ta co 

{u^ e ‘ t(cl>) ^ t} e 7~t' 

Mot thdi diem Markov r difOe goi la thdi diem di'fug ndu r la him han h&u 
chac chan, tire la: 

P{u; e ft : t(cj) < oo} = 1. 


3.2.4 Ky vong co dieu kicn lay doi vdi mot cr-trtfdng 

Cho (ft, P, P) la mot khong gian xac suat, Q la mot cr-trudng con cua T, Q c7 
va X la mot bien ngau nhien, trie la mot anil xa do dude tri (ft,.F) vao (R, 5 m), 
trong do 5 k la cr-tnrdng cac tap Borel treri dudng thang R. 

Mot bi4n ngau nhien Y se dude goi la ky vong co dieu kieu cua X doi vdi 
a-trtfdng neu: 

• Y la bien ngau nhien do duoc doi vdi Q , 

• Vdi moi tap A G Q thi ta co: 

J YdP = J XdP. 

Bien ngau nhien Y nay se duoc ky hieu la E(>V | 0). 

Xeu ta chon a-trudng Q la cr-trudng o[Z) sinh ra bdi mot bicn ngau nhien 
Z nao do, thi khi do kv vong co dieu kien ciia X lay doi vdi rr(Z) cung duoc 
ky hieu la E(X \ Z). 
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3.2.5 Cac tmh chat cua ky vong co di£u kien 

Cac he thtic phat bicu dudi clay deu dupe hiCu theo nghia hdu chdc chan : 

(1) Neu Q la cr-trtfdng tarn thuting {</>, Q} thi: 

E(X\Q) = E[Xy 

(2) Neu X va Y la hai bien ngau nhien thi: 

E(X + Y \ Q) = E(X | Q) + E (Y | Q). 

(3) Neu X la do dude doi vdi Q thi: 

E(XY |ff) = XE(Y \G). 

Noi rieng, n6u c la mot. h&ng s6 thi 

E{cY\Q) =cE(Y\G). 

(4) Neu Q\ C Qi thi: 

E(E(x\g 2 )\g l ) =R(x\g l ). 

Noi rieng 

E(E(X | Q)) = E(Xh 

(5) Neu X dor lap doi vdi Q thi: 

E(X|5)=E|X]. 

(6) Neu Q va hi la hai rr-trating con cua T va doc lap doi vdi nhau, va X la 
bien ng!u nhien doc lap doi vdi Q thi: 

E(X\a(G,H)) = E(X]W), 

trong do o{Q,'H) la cr-truting nho nhat chtfa ca Q lln 7Y. 

(7) Btit dang thtic Jensen dSi vdi ky vong co dieu kien 
Neu g(x) la mot ham ioi tren tap l6i I C R, tufc la: 

g{\x + (1 - A )y) < Xg(x) + (1 - A )g(y) 

vdi moi x,y (E I va mpi A £ (0,1), va neu X la mot bien ngau nhien lay gia tri 
tren I thi: 

<?(E(X|S)) <E( 5 (X)|6). 
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Noi rieng, vdi g(x) = \x\ thi: 

[e(*|g)| <E(ixi|e). 

(8) Su hoi tu dtJn dieu dot vdi ky vong vx> dieu kien 

Neu 0 < X n va X n | X (X n daw dieu tSiig dan tdi X khi n —> oo) vdi 
E|X| < oo thi: 

E(X n \Q)lE(X\ Q). 

(9) Bo de Fatou doi vdi ky v<?ng co diiu kien 
Neu 0 < X n thi: 


E(lim inf X n I Q) < lim \x\(E(X n I Q). 

v n 17 n 1 

(10) Su hoi tu chan d6i vdi ky vong co di£u kien 

Neu lim X Tl — X hau ch&c chan va \X n \ < Y vdi E[y] < oo thi: 

n— >c>o 


lim E(X n \g)=E(X\g). 

71 —>OG 

(11) Cho X va Y la hai bien ngau nhien doc lap va <p{x,y) la mot ham hai 
bien sao cho E|<£pC, y)| < oo. Khi do: 

E(4>(X,Y)\Y) =E(<KX,Y)). 


3.2.6 Xac suat co dieu kien 

Xac suat co dieu kien P(A | £7) cua mot bien co A £ X la mot bign ngau nhien 
xac dinh bdi: 

PM(C) = E(I^|(?). 

D? thay xac suat P(y4 | Q) co mot so tlnh chat sau (hau chic chin): 

(1) P(Q|C7) = 1_ 

( 2 ) \tAeF:P(A\G) = l-F{A]g). 

(3) Vdi, A 2 , ... € T rcJi nhau ti'nig doi m6t thi 

OO OO 

P(U^n|e) =yP(A„|a). 

H=1 71—\ 
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3,2.7 Martingale 

Cho mot qua trinh ngau nhicn X = (X t ), t > 0 thich nghi vdi bo loc. (T t ) va 
kha tich: E|X t | < oc vdi moi t > 0. 

V(5i s va t la hai so thilc khong am sao cho s < t, khi do: 

(1) Neu E(X* | Ts) < X B thi X gpi la martingale tren (supermartingale). 

(2) Neu K(X t ! Tg) > X s thi X goi la martingale dtfdi (submartingale). 

(3) Neu E(AT/ | T s ) = X a thi X goi la martingale. 

Khi khong chi rn bp loc nao thi ta hieu rang (T t ) la bo loc ttf nhien ciia 

(A”i) tire la T t — (7 (X s , s < t) va thitdng ky hieu la T x . 

Mot $6 vi du vd martingale 

Vi du 3.2.1. Cho Z la mot bmn ngau nhicn bat ky sao cho E \Z] < oo (kha 
tich) va cho (JPJ) la mot bo loc bat ky tren (Q, P). Khi do qua trinh ngau 

nhicn X - (X t ), t > 0 xac dinh bdi: 

X t = E(Z | Ft) 

la mot martingale d6i vdi (Ft). 

Vi du 3.2.2. Cho X - (X t ), t > 0 la mgt qua trinh ng&u nhien kha tich, 
thich nghi vdi bo loc (Ft), va gia thii rang: 

Vdi mpi s,t > 0 sao cho s < t thi X t — X 9 doc lap vdi T A .. 

Tinh chat nay dude gpi la tmh chat co ro gia doc lap vrn qua khil Khi do, 
qua trinh ngau nhien Z — (Z ( , t > 0) xac dinh bdi: 

Z, = X t - E[X,} 

la mot martingale doi vdi (T t ). 

Vi du 3.2.3. Cho (Xt) la mot qua trinh co s6 gia doc lap, khong nhat thiOt 
phai kha tich. Gpi ipx,(u) la ham dac trimg ciia X lT tife la: 

<p Xl M ~ E [e luA ' f ] = [ e luXt dP. 

J-R 

Khi do qua trinh ngau nhien Y = (Y t , t > 0) xac dinh bdi: 

sJuXt 

v t =—n 

<Px t ( u ) 

la mot martingale doi vdi bo loc trf nhien cua X : T x — a (X a , s < t). 
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Vi du 3.2.4. Tren khong gian xac suat (Q, JF, P) cho Q la mot do do xar suit 
lion tuc tuyot. doi doi vdi P : Q <^C P. 

Goi cdi han chi cua P tren J- t la P t va cdi han chi cua Q tren Ft la Q t . Khi 
do dao ham Radon-Nikodym L t — ton tai, va qua trinh L = (L t ), t > 0 

tiP i 

la mot martingale doi vdi (Ft). 

Ta co dinh ly sau: 

Dinh ly 3.2.1. (Khai trien Doob-Meyer). Niu X = (A” t ), t > G la mot 
martingale diced ddi vdi (F t ), kha tick (txtc E'JVV < oo, Mt > Oj va hen tuc 
phdi thco t, thi X co the khai triin dudi dang: 

X t - M t 4- A t 

trong do M t la mot martingale dot vdi {Ft) lien tuc phdi va A t la mot qua trinh 
tang va thick nghi vdi (Ft). 


n 

3.3 Chuyen dong Brown 

Mot qua trinh ngau nhien B = B(t>u) : [0, oo) xfi-vR, viot tat la B{t) (xem 
hinli 3.4) dupe goi la mot, chuyen dong Brown nfin no thoa man eac tmh chat 
sau: 

1. /3{0) = 0, lure la P {:j; Z?((h iv) — 0} = 1. 

2. B{t) la ham lion tuc theo 

3. B{t) co car so gia doc lap. phan phoi ehudn; tiro la: Neu 


va 


0 = to < ti < t 2 < ... < t n . 


Y\ — B(t\) — B(tn), Y 2 — B(t 2 ) — B{t 1 ). .... Y n — B(t 7l ) — B{t n - 1 ), 


• Y\,Y 2 , .... Y rl la cat: hien ngau nhicn doc lap, co phan phoi ehudn; 
. E|Yj| - 0 V'i; 

. Var[Yj] — tj — tj-i Vj. 
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(OFf) 


H s mh 3.4: Chuyeii dong Brown v<M thcJi gian lion tue. 


3.3.1 Hiep phutalng sai cua chuyen dong Brown 

Gia suf 0 < s < t da cho, khi do B(s) va B(t) la cac bien ngau nhien co phan 
ph6i chu&n. Hon nufa, B(s) doc lap vdi B(t) - B(s) va ta co: 

E[B(s)\ = 0. Var[B(s)] - 5, 

E[B(t)} - 0, Var \B{t)\ = t. 


Do do 


E\B(s)B(t)\ = E[B(s)[(B(t)-B(s)) + B(s)}} 

= E[£( 5 )(B(t)-B( S ))]+_E[£ 2 ( S )]_ 

^-V ' V V ^ 

0 a 

— S. 

Vi the v6i bat ky s > 0, t > 0 (khong can s < t ,) ta co: 

E[B(s)B{t)} = sAi. 

Til do suy ra ham hiep plurong sai: 


7?(s, t) = Cov[B(s), B(i)] — s At. 


(3.9) 
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3.3.2 Phan phoi htfu han chieu cua chuyen dong Brown 

Gia sijT 0 = to < t\ < t 2 < < U\ la mpt phan hoach nao do cua doan (0, t] da 

cho. Khi do (B(t i), B(t 2 ), B(t n )) la vector ngau nhien chuin vdi ma tran 
hiep phudng sai: 

E[B(U)B(t n )] ' 
E[B(h)B(t n )} 

G 1 1 ... t\ 

t\ t 2 t 2 

t\ t 2 t n 


3.3.3 Loc sinh bdi mot chuyen dong Brown 

Trong muc nay chung ta xay dung mot bo loc {.F(£)}i>o, thoa man c&c tmh 
ch4t: 

• Vdi moi t } B(t) la .F(£)-do dupe, 

• Vdi m6i t va vdi t < t\ < t 2 < ■■ ■ < t ni cac so gia cua chuyen dong Brown 

B(U)-B(t), B(t 2 ) - B(ti) y ..'> B(t n ) - Bit^) 

la doc lap vdi t ). 

Ta co thi ckn true J F(t) nhu sau: 

Tri idc ticn ta c.6 dinh L Gia suf s e [0, t] va C 6 B( R) da cho. D&t tap 
{B(s)eC} = {w. B(sM eC} 

vao F(t). Lam nhu vay vdi moi so dudng s E [0 ,t\ va C 6 B( M). Sau do 1>6 
sung them cac tap khac d& F(t) trd thanh cr-dai so vdi moi t > 0. 

Ro rang T{t) chda car thong tin ro dupe bdi quan sat chuyen dong Brown 
cho tPi thdi di£m t. Hp {^(£)}t>o dupe goi la lpc sinh bdi chuyen dong Brown. 
Trong cac iriuc sau, neu khong noi gi them ta luon hieu c&c qu4 trinh thfch 
nghi dupe xct vdi bo lpc nay. 


E(B 2 (<i)| E(B(ii)B(fa)l 
E[B(< 2 )Z?(t,)] E[B 3 (< 2 )] 

E( B(t„)B(h)\ E[B(t u )B(ti)} 
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Co sd Todn t&i chtnh 

3.3.4 Tmh chat Martingale 

Dinh ly 3.3.1. Chuydn dong Brovrn Id mot Martingale. 

ChUng mink. De thay chuyen dong Brown B(t) la mot qua trlnh thich nghi 
vdi bo loc V6i 0 < s < t, ta co: 

E[B(01^»)l = E[(B(i)-B(s)) + B(s)|B(s)] 

= E(B(t) — B(s)] + B(s) 

= B(s). 

□ 


Dinh ly 3.3.2. Gia sit Q e R da cho. Khi do: 


Z(t) = exp {-01i(t) - -t) 2 t 


Id mot martingale. 


Ckdng mink. Tti dinh nglria suy ra Z(t) la mQt qua trinh thich nghi vdi bo 
loc {^(f)}t>o- Vdi moi 0 < s < t, ta co; 

1 

EWt)\?(a)] 

- E expj-0(B(i)-fl(s) + B(s))-ie 2 ((i- ii ) + . S )J|^( S ) 

=■ E fz(.s)exp j-0(B(t) - B(s)) - - s) j F(s) 

= Z{s )E cxpj-0(B(i)-B(s))-V(i-s)j|jF{s 

= Z(s) exp |i(-e) 2 Var(B(f) - B(s)) - - .?) j 

= Z(a). 


□ 
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3.3.5 Gidfi han cua mot mo hinh nhi phan 

Xet. mot mo hinh nhi phan n then ky, trong moi then ky thtf k, 1 < k < n ta 
gia thiet cac tham s6 nlni sau: 

■ Uk = 1 4- -^= la nhan til ‘Tang’' (<r > 0). 
y/k 

• d k = 1-— la nhan til “Giam’l 

vk 

• r = 0 . 

_ _ 1 — d k _ a/y/k _ 1 

^ k u k — d k c loj\Jk- 2 

1 

• Qk = ^ 

Gia sijf ky hieu ik{H) la s6 H trong k lan tung dong xu dku tien, va ik{T) 
la so T trong k lan tung dong xu dan tien. Klii do: 

tk(H) + tk(T) = k 
ik{H) - tk(T) = Mk 


do do suy ra: 


: k (H) = -(* + A/ fc ) 

fern = l(fc - M t ). 


Trong mo hinh thti n, lay n bixdc ddn vi then gian. D&t S^ n) = 1. Gia sur t 
vdi k nao do. va gia suf 


S {ri) (t) = 1 + 




5 (ni —Mjvt) 


Dudi do do P, qua trinh gia la mot martingale. 

Dinh ly 3.3.3. Khi n —*■ oo, phan phoi cua S^ l \t) hoi tu tdi phan phoi cua 

exp laB{t) - , 


trong do B(t) la mot chuydn dOng Brown. Su hieu chinh ^ day Id edn 

thidt di co mot martingale. 
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Cd sd Toan t&i chi'nh 


Chxcng minh. Stf dung khai triSn Taylor ta co: 


log(l 4- x) = x - -x 2 + 0{x 3 ) 


Do vay: 


log 5 <n) (/) = l(n« + M„() lo g + ^{ nt - A/nt) ^1 - 

(ilog (l + ^=) - i log (l - ^j)) 

/1 (7 1 o 1 la la 2 _ 3/2 A 

\2 a/ti 4 n 2 yjn 4 n ) 

. , (\ a la 2 la la 2 _ 3/2 A 

\2 ^/n 4 n 2 An ) 

= -l^ 2 « + 0(n _ 2) 

+a[-L aA + (ijW’m'W"!). 


Khi n —► oc phan phoi cua log S^ n \t) dan tdi phan phoi cua aB(t) — a 2 t. □ 

2 


Chu y 3.3.1, (B&t dau tai di§m khac 0). Vdi mot chuyin dong Brown 
B(t) ooudt phat til 0, ta co: 

P(£(0) = 0) = 1, 

Vdi mot chuyin dong Brown B(t) xuat phat tai x ^ 0, ky hieu do do xac 
suat twang ring bdi P 1 (xem hinh 3.5), ta co 

r(B(0) =x) = l. 

Nhdn thay rang: 

• Niu i^O thi xac suat P* tren tat cd cdc tap khac P. 

• Phan phoi cua B(t) dwdi P 1 giong phan phoi cua x B(t) dudi IP, 





(0,F,P x ) 


Hinh 3.5: Chuyen d$ng Brown vdi thdi gian lien tuc, b^t dau tai x ^ 0. 


3.3.6 Tfnh chat Markov cua chuyen dong Brown 

Ta c6 dinh ly sau: 

Dinh ly 3.3.4. Chuyin dong Brown co tinh Markov. 

Chting minh. Gi& scf s > 0, t > 0 da cho (xem hinh 3.6) 


E 


/i(B(s + 0)|^(s)] = E 


h{ B{s + t) - B(s) + B(s) )|^(s) 

DOc l*p v<5i F(a) -F(a) do difpc 


Sir dung bo de 2.4.1, dinh nghla 

g(x) = E[ h(B(s)-B(s) + x)) 

= E h(x+ B(t) ) 

cung phan ph&i vdi B{a+t)—B(a) 

= E x h(B(t)). 


Khi do: 


E[/i(B(s + t))|jF( S )j = g(B(s)) 

= E B{,] h(B(t)). 




Cd sof To&n thi chin h 
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restart 


Hinh 3.G: Tmh chat Markov ciia chuyen dong Brown. 


□ 


Ta con co the chi Ta chuyen dong Brown, co tmh Markov manh. 


Vi du 3.3.1. (Tmh ch&t Markov manh). Co djnh x > 0 va dinh nghTa 
(xem hinh 3.7) 

r = inin{t > 0; D(t) — x } . (3.10) 

Khi do ta co: 




= g{B(r)) = E z h(B(t)). 


Chu y 3.3.2. (Mat do xac suat chuyen). Gia su p{t,x,y) la xac sudt ma 
chuyen dong Brown chuyen gia tri tit x tdi y trong thdi gian t va gia sit r xac 
dinh nhit trong (3.10). Ta co: 


P(t,x,y) 


1 

- P 2i 

v/2 Tt 


DSt: 


Ta co: 


/ +oo 

h(y)p(t,x,y)dy. 

OO 

E[/i(fl(s + t))|F(s)] «= fl (B(«)) = J + °° h(y)p(t,B(s),y)dy. 





ChtfOng 3. Mo hinh nu’a lien tuc va chuyin dpng Brown 
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restart 


Hinh 3.7: Tmh Markov manh cua ohuyen dpng Brown. 

E |h(J3(r+ «))|f(t)] = J h(y)p(t,x,y)dy. 

BAl TAP 

Bai tap 3.1. Vdi moi t > 0 cliuyen dong Brown B t la mot bien ngau nhien co 
phan phoi chuan A/"(0, t). 

a) Chumg minh ring E[e' ufi ‘] = exp vdi moi u € R. 

b) Tim hkm mat do x&c suat cua bien ngau nhien Bf. 

c) Chumg minh rang vdi mpi ham / ta co: 

E[/(B 1 )] = -^=jf/(x)e-^dx. 

d) Chumg minh r&ng E[£ t 4 ] = 3 1 2 tuf do suy ra: 

E[ s« 2 1 = §§!<*; fceN. 

Bai tap 3.2. Mpt qua trinh ngau nhien X t dUdc goi 1& dimg neu {X t } co ^iing 
phan phoi vdi {X*+h} vdi bat ky h > 0. Chiifng minh r&ng chuyen dong Brown 
Bt co so gia dtmg, tufc I^l, cdc qua trinh {B t +h - £/»}h>o c6 cung phan phoi vdi 
mpi t. 
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Ca sd To an tai chinh 


Bai tap 3.3. Cho B t la mot chuyen dong Brown va t 0 < 0 co dinh. Cliufng 
minh r&ng qua trinh: B t ~ B to +t — B tiy} t > 0 rung la mot chuyen dong Brown. 

Bai tap 3.4. Cho B t la mot chuyen dong Brown 1-chieu va c > 0 la mot hang 
s6. Chitng minh rang qua trinh: B t = -B c 7 U t > 0 cung la mot chuyen dong 

C 

Brown. 

Bai tap 3.5. Cho (B t ),t > 0 la mot chuyen dong Brown. Xet xem cac qua 
trinh ngau nhien sau day co phai la mot martingale hay khong: 

a) Xt = Bt H- 4t. 

b) X, = Bl 

c) X t = Bl - t. 

Bai tap 3.6. Chting minh ring qua trinh: M t = Bf — 3 tB t ,t > 0 la mot 
martingale, 

Bai tap 3.7. Cho B t la mot chuyen dong Brown 2-chieu va dat; 

D p = {x e R 2 ; |x| < p] vdi p > 0. 

Hay tmh P[£? t € D p \. 

Bai tap 3.8. Cho B t la mqt chuyen dong Brown n-chieu bat dau tai 0 va dat: 
U £ R nxn la mQt ma tran true giao, tile la UU T = /. Chhng minh rllng qua 
trinh: B t = UB t , t > 0 cung la mot chuyin dong Brown. 



Chtfdng 4 

Tich phan ngau nhien va ting 
dung 


Trong chifdng nay chung ta tim hilu nhung van de sau: 

• Tich phan ngiu nhien Ito. 

• Cong thufc Ito. 

• Tich phan ngau nhien Stratonovich. 


4.1 Tich phan ngau nhien Ito 

Giasti da cho khong gian xac suat (Q, T, P) va B(t) la mot chuySn dong Brown. 


4.1.1 Bien phan bac nhat 

Vi du 4.1.1. Xet ham so f(t) co dang trong hinh 4.1 

Bien phan bac nh&t FV{f) cua ham so f(t) tren khoang [0,T] dildc xac 
diuh nhu sau: 


FVwntf) = [/(ti) - /(0)| - \m) -m)} + lf(T)- m\ 

= [' f’(t)dt+ [\-f'(t))dt+ [ f'(t)dt 

J 0 Ji 1 Jt"2 

= [ T \f'(t)\dt. 

Jo 



122 


Ccf set To An thi chinh 



Hinh 4.1: Minh hoa bien phan bac nhat cua ham f(t). 

Mot each hmh anh, co the noi, bien phan bac nhat la tong cac lirqng tang va 
giain cua quy dao. 

4a co dinh nghla tfmg quat nhil sau: 

Dinh nghla 4.1.1. (Bien phan bac nhat). Gia sii FI = {to, t\,t n } la mot 
phan hoach cua (loan |0, T\ 

0 = t Q < «i < ... < t n = T, 

va goi ||11|| = max (tk+i — tk) lo> dudng ktnh cua phan hoach do. Bien phan 

0 <k<n -1 

bac nhat cua ham so j iron doan [0, T], ky hieu FVjo xdc dinh bdi: 

n—l 

FVmU) = \im 

11 31 " ° *=0 

Vi du 4.1.2. (Bien phan bac nhat cua ham kha vi). Gia sd / la mot 
ham kha vi. Khi do, theo dinh ly gia tri trung binli trong moi doan [4,4+i] 
co mot diem t m k sao cho: 

f(tl)(t k+l -t k ). (4.1) 

Do do: 

n—1 Tl-l 

y \f(tk+i) - f(t k )i = y i/'(tj)K4+i - to, 

k—0 k =0 
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va 

n— 1 

^Mo.n(/) = lim V|/'(^)|( 4 + i- 4 ) 

' “* fc=0 

= ['\f(t)\dt. 

J 0 


4.1.2 Bien phan bac hai 

Dinh nghia 4.1.2. (Bi6n phan bac hai), Bien phan bac hai cua ham f tren 
(loan [0,7"], ky hieu {/) (T) xdc dinh bdi: 

71—1 

(/) (T)= lim £|/(4 +1 )-/(t*)| 2 . 

11 ll_+0 Jk=0 

Vi du 4.1.3. (Bien phan bac hai cua ham kha vi). Gia sii / la mot ham 
kha vi, khi do 

</) (T) = 0. 

That vay, t£f (4.1) ta co: 

El/(4 + .)-/(4)| 2 = 

k=0 fc=0 

TA— 1 

< \mxY,}m)\ 2 (t k+l -t k ). 

k =0 

Chuy£n qua gidi ban khi ][n|[ —> 0, ta co 

n— 1 

0 < (/) (T) < lim ||n|| x lira V |/'(tj)| 2 (t M - t k ) 
ll«ll-o l|n||j % =0 

= imi ||ny x / |/'(t)| 2 * 

i|H|| - Q do 

= 0 . 


Tvf do suy ra (f) (' T ) = 0. 
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CcJ sd loan tal chink 


Ta co dinh ly sau: 

Dinh ly 4.1J . fRi6n phan hac hai cua chuyen dong Brown), 

(B) (T) = T, 

hay chink xac hon 

P{wcn ; (£(«)> (T) = T} = 1. 

Til do suy ra quy dao cua chuyen dQng Biown khong kha vi h&u hhap ndi. 

Chting minh. Gia s\i II = {io, ii,i n } la mot phan hoach cua doan [0, T] . De 
ddn gian ky hicu, ta dat Dk = B(tk+ 1 ) - B(tk) va 

Qu = ^2 D 2 * 

fc=o 
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Vdi j ^ k cac s 6 hang Dj — ( 4+1 — tj) va D\ — (4+i — 4) doc lap, do vay: 

n-\ 

£Var[D*-(4+1-4)] 

k=0 
n— 1 

y . e [dj - 2 (^+ 1 —+( 4+1 - tk ) 2 \ 

fc=(l 
n—1 

53 [3(4 + i - 4) 2 - 2(4 +i - 4) 2 + (4+i - 4) 2 ] 

k=0 

(do X ~ A r (0, cr 2 ) nen E [X 4 ] — 3c 4 ) 

71-1 

2^(4+i -4) 2 

k =0 

n— 1 

2||ll||^(4 + 1 -4) 

Jc=0 

2||n||T. 

- T] —► 0. Vay: 

lim (On - T) — 0. 
pill -o 

□ 

Chu y 4.1*1. (Biiu diln vi phan). Ta biet rang: 

E [[£( 4 + 1 ) - £(4)] 2 - ( 4+1 - 4)] = 0. 

Ta lai co: 

Var [[£(4+i) - £{4)1 2 - (4+i - 4)] = 2(4+1 - tk)' 2 - 
Khi (4+i — 4) khd nho, (4+i — 4) 2 se rat nho; do do 
(S(4+i) - £(4)) 2 ~ ( 4+1 -4), 

va chung ta co the viet mot each hinh thtic nhti sau: 


Var[Q n -T| = 


< 

Khi || n|| -0, Var[Q„ 


dB(t)dB(t) — dt. 
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4.1.3 BiSn phan bac hai cua hai qua trinh ngau nhien 

Dinh nghla 4.1.3. Ta goi biin phan bac hai cua hai qua trinh ngbu nhien 
hen tuc va (V^xi, ky hieu (X>Y) la mot qua trinh ngdu nhien xdc. 

dinh bdi gidi han hbu chdc chdn sau day: 

(X, Y) (t) h ='~ lim £ (X^, - X tt ) (Y it+l - Y tk ) 

1 fc—0 

neu gidi han nay ton tai vdi moi phan hoach IT cua doan [0, t\ 

0 = t Q < t]_ < ■ < t n = t. 

Khi X = Y thi (X, X) = (X ). 

Tit dinh nghla de dang suy ra bien phan bac hai cua hai qua trinh ligBn 
nhien co mot so tinh chat sau: 

a, (X l Y)(0) = Q. 

b, (X % Y) = (Y,X). 

c, (ttiXj + Y) = a x (X U Y) + ^ (X 2i Y ). 


4.1.4 Cau true cua tich phan Ito 

Trong muc nay, chung ta xay dung mot loai tich phan dupe lay doi vdi chuyen 
dong Brown B(t), t > 0, cc5 cau true nhu sau: 

• Bien lay tich phan la chuyen dong Brown B(t ), cung vdi bo loc X(t), t > 0 
co car tinh chat: 

1. B(t) laj^^-do duoc, V£; 

2. Vdi mdi phan hoach: t < t\ < ... < t n thl cac s6 gia B(t-i) — B(t ), 
B(t 2 ) - B(t { ),..., B(t n ) - B(t n _ i) doc lap vdi j F(t). 

• Ham \ky tich phan la 8(t), t > 0 thoa man: 

1. <5(i) la jF(/)-do difpc, Vi (tide la 5 thich nghi); 

2. £(i) bmh phudng kha tich 


E 



< oc, 


VT. 


Tich phan cau true nhu tren do nha toan hoc K. Ito dua ra nfiin 1940 va 
goi la tich phan ng&u nhien ltd (hay tich phan Ito), ky hieu: 



6(u)dB(u), 


t > 0 . 
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Tich phan It,6 cho mot eong cu htiu hieu trong tinh toan ngau nhien va dtfdc 
i?ng dung trong nhien nganh khoa hoc, ky thuat, dan bint la trong toan tai 
chmh. 

Chii y 4.1.2. Ta bict rang, trong Ciai tick ch dien, neu f(u) la ham kha vi 
thi co the dinh nghia 


8(u)df(u) — / 8(u)f , (u)du. 


Dieu nay khong cdn dung kin bien lay tick phan la chuyen dong Brown . bdi v% 
guy dao cua chuyen dong Brown khong kha vi hau khap nOu 


4.1.5 Tich phan Ito cua ham ddn gian 

Gia sd II — [to, hi tn } 1& mot phan hoach ciia doan [0,T], tifc la: 

0 = to < t\ < ... < t n = T. 

Gia suf ham 5(4) luon nhan gia tri la hang so tren rnoi doan con [tfc,tfc+i] , 
k — 0,1,n — 1, (xem hmh 4.2). Khi do. ta goi 8 = 8(t) la mot ham ddn gian 
(hay qua trinh ddn gian). 


S(t)= 5(0 ) 

■ o scn = s(f 3 ^ 



Hmh 4.2: Mpt ham ddn gian 8. 

Ta co the hinh dung B(t) va 8(t k ) nhi 1 sau: 

• B(t) nhu la gia mot ddn vi co phieu ciia mot tai san tai thdi diem t\ 



Cd sd Than fai chfnh 
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• t 0 , £i, t n nhu cac ngay giao dich cua tai sari; 

• <5(fjt) nhtf la so ddn vi c6 phieu cua tai sail thu dtfdc tai ngay giao dich 
tk va giuf cho tdi ngay giao dich tk+i< 

Khi do tich phan ltd I(t) la ldi nhnan t \t giao dich tai thdi diem £, ldi nhuan 
nay cho bdi: 

0 < t < ti 

£(h) [£(*)-£(*:)], h<t<t 2 

6(h) [B(h) ~ B(h)) 

5(t 2 ) [i?(t) - B(t 2 )\, t 2 <t<t 3 


Ht) = < 


6(t a )[B(t)~ B[to) ], 

=i3(0)=0 

6(to) [B(ti) — S(to)] + 
+ 


Trong triTdng hop tdng quat, neu t k < t < thi 

fc-i 

I(t) = S(tj) [C(t; +1 ) - + S(t k ) [.B(t) - B(t k )} . (4.2) 


4.1.6 Tmh chat cua tich phan It6 doi vdi ham ddn gian 

Til dinh nghla, de dang suy ra cac tmh chat sau: 

Tinh thich nghi. Vdi mdi t,I(t) la JF(£)-do ditdc. 

Tmh tuydn tmh. Nlu 

I(t) = f 5(u)dB(u) ) 

Jo 

thi 

m ± J(<) = f 

Jo 
va 

cl(t) = f rJ(u)dB(u). 

Jo 

Martingale. I(t) la mot martingale. 

That vay, gia su 6(t) la mot ham ddn gian, vdi phan hoaeh 11 da cho. ta co 
dinh ly sau: 


J{t)= / 7 (u)dB(u), 
Jo 


(<5(u) ± 7(u)) d£(u). 



Chitang 4. Ttch phan ng&u nhien va tfng dung 
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Dinh ly 4.1.2. (Tfnh chat martingale). 

fc-i 

r(t) = Y, S(t } ) [B(t j+ 1 ) - + < 5 ( 4 ) \B(t) - B(tt )], 4 < t < 4+1 

la mot martingale . 


s i 



Hinh 4.3: Minh hoa s vat trong cac doan con khac nhau cua phan hoach. 


Chxlng minh. Gia silt da cho 0 < s < t va t thuoc cac doan con khac nhau 
cua phan hoach IT, tire la. co cac diem phan hoach t\ va sao cho s € [tnh+il 
va t 6 |£*, £jt+i| (xcm hinh 4.3). 

Ta viet ti'ch phan I(t) difdi dang: 

i -i 

j=o 

k— 1 

+ Y, *(«j) ( B (*i+i) - *(**)] + «(**) ( B(t ) - B(4)l 

.7=1+1 

Lay ky vong cac so hang d vC phai vdi dicu kien JF^), ta co: 

"i-i ] i-i 

E ^<5(4)(B(4 +1 )-5(4))|^(s) =^rf(f J )(B(4 + i)-B(4)); 

-j=0 J j=0 

E [*(*,) (fl(t« +1 )-B(t,))|.F{«)] = (5(0 (E [B(4 + i)|^( S )] - B(t,)) 

= 5(t,)[B(s)-B(t I ) j; 
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C o so Toiin t.lii chink 


k— 1 


E 52 8(ti) m i+1 ) - Bit,)) r(s) 

L=ni 

k— 1 

= 52 E [e [*(*,) (B(tj + i) - Bit,)) |JF(g] b( s )j 


3 = 1 +1 
fc-1 

- E^ 

j=J+l 
= 0 ; 


= o 


E [<5(4) (JJ(t) - B(t k )) J-(-s)] = E 

6it k )(&{B(t)\f(t k ))\-Bit k )) F(*) 

\ > 


- o 


= 0. 


Tif do suy ra: 

E[/(t)|^(*)) = /(s), V 0<«<*. 

Dieu do chting to /(£) la mot martingale. 

Tfnh dang c\i. Ta co dinh ly sau: 

Dmh ly 4.1.3, (Tinh dang ctf Ito). 


E [/ 2 (t)] = E 


d 2 {u)du 


Chxcng minh. Do ddn gian ky hieu, gia silf t — tk> vay 


k 


M6i Dj co ky vong 0 va cac Dj khao nliau la doc lap. 


J2 s m ) = E 8 %)%+ 2 E mmD,D,. 


< j=o 


J—o 


*<i 


□ 


; 2 (t) = 


2 
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Vi cac so hang cheo co ky vong 0, nen ta co 
k 

E [/*(*)] = 

J-O 
k 


= [<5 2 (ij)E [(S(t j+ i) - fife)) 2 |^(*i)]' 


j=0 

k 


= ]T e [<s 2 (g (< J+1 -<,)] = e 


j=a 


t r 

Lj=Q Jt > 


5 2 (u)du 


= E 


f S 7 (u)du . 

Vo 


□ 


4.1.7 Tlch phan ltd cua ham tong quat 

Co dinh T > 0. Gia s\i 8 la mpl qua trinh nao do thoa man cac dieu kipn: 
• d(t) la F(t) - do dirdc, Vt 6 [0, T ], 


• E 


.f 0 T 5 2 (u)du 


< oc. 


Ta co dinh ly sau: 

Dinh ly 4.1.4. Co mot day cac qua trinh don gian sao cho: 

rT 


lim E f |<5„(t)-<J(t)| 2 
— 00 [Jo 


dt 


= 0. 


Chxtng mmh. Hinh 4.4 chi ra y tudng chlnh. 

Bay gid vdi moi n £ N\ chung ta dinh nghia: 


j 1 

In(T) = [ 8 n (t)dB(t) 

J 0 


Til do ta dinh nghia: 


T T 

[ 8{t)dB(t)= lim [ 6 n (t)dB(t). 

JO n-+ocJ Q 


□ 
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path of S i path of S 



Hinh 4.4: Xip xi qua trinh t6ng quat bdi mot qua trinh ddn gian tren doai) 
[0,Tj. 


Mpt kho kh&n la chung ta can chi ra s\J ton tai cua gidi han nay. Gia sOr n va 
m la nan so nguyen duorig kha ldn. Khi do: 


Var [/ n (T) - I m (T)\ — E / [S n (t) - 8 m (t)} dB(t) 


= E f [8 n (t) — 8 m (t)} 2 dt (Tfnh ding uf ltd) 

Jo . 


= E 


((5 n (<)-<5(i)) + (5(t)-<5 m (0)l 2 ^ 


Suf dung bat ding thtic quen thuoc: (a -f b) 2 < 2a 2 + 2 b 2 trong ti'ch phan cu6i, 
ta co: 


Var [I n (T) — J m (T)] < 2E 


u: 


\8„(t) - 6(t)\ 2 dt 


r rT 


+2E 


|«5(f m )-5(i)| 2 A 


UQ 


Khi n —* oc t5ng 6 ve pliai dan tdi 0 (theo dinh ly 4.1.4). Dion nay bao dam 
ring day {/„ (T)}“ =1 cd gidi han. 


4.1.8 Tfnh chat cua tich phan Ito (tong quat) 

Xet tich phan: 

/(t) = f 6(u)dB(u) 

J o 

trong do 8 la qu& trinh thfch nghi, kha tich bac hai. Tit dinh nghia do dang 
chi ra cac tfnh chat sau: 
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Tinh thich nghi: Vch m6i £, I(t) la ^(^-do dtfdc. 
Tinh tuyin tinh: N T eu 


I{t) - f S(u)dB(u), J(t) = f 'y(u)dB(u) ) 
J o Jo 

I(t)±J(t)= f {6{u)±y{u))dB{u) i 
Jo 

cl(t) = f c5(u)dB(u). 

Jo 


Tinh chit martingale: I(t) la mQt martingale. 
Tinh lien tuc: I(t) la ham lien tuc cua i . 

Tinh dang ctf Ito: E [7 2 (t)j = E . 

Vi du 4.1.4. Xct tfch phan Ito: 

[ B(u)dB{u). 

Jo 

Ta xip xi tfch phan nhu chi ra trong hinh 4.5 
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Cd sd Totin tai chink 


Theo dinh nghia 


T w-i 

/ B(u)dB(u) = lim VB 

Jo n 00 


D6 ddn gian ky hieu, ta vict B k = B 



(k +1 )T 


. Ttir do ta 06: 



J /»r 

B(u)d£(u) - lim B k (B k+: - £*). 

u _> oc 


Ta lai c6: 


A;—0 Ar=0 fc=0 fc=0 

n—1 71— L n—1 

= 2 s ' + 2 + 

z z j=o *=0 fc=n 

= 5^ + gB*-gftB*+i 

Jfc=0 Jt=0 

= k-gB t (fl w -B k ). 


Vi the cho nSn: 


£ B* (flt+i - Bk) = - 1 g (Bw-t - BO 2 , 


ho&c tvTdng dirdng: 


E s 



(k + 1 ) T 




Cho n —► 00 va s\jf dung dinh nghia ciia bien phan bac hai ta nhan dude: 


J B{u)dD{u)= X -B\T)- l -T. 
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Chu y 4.1.3. (Ly do xuat hien s6 hang —T ). Neu f la kha vi vdi /(0) = 0 

thi 

f f{u)df(u) = 

Jo 


NgUdc lai, vdi chuyen dong Brown , ta co: 

£ B(u)dB(u)= l -B 2 (T)- l -T. 

Sd hang them vao \T do biin phdn bar. hai cua chuyen dong Brown khde khong. 
No call phai co inat d do, bdi 



E 



B(u)dB{u) 


= 0 


(Tick phdn ltd la mot martingale) 


nhxtng 


E 


-B 2 (T) 



4.1.9 Bien phan bac hai cua mot tich phan I to 

Dinh Ly 4.1.5. (Bien phan bac hai cua tich phan Ito). Gid su: 

I(t)= [ 6(u)dB(u), 

Jo 


Khi do: 


f- 


(I)(t)= / S 2 (u)du 


Dien nay tLiu diTdc ngay ca khi 5 khong la mQt qua trinh ccj ban. Cong thufc 
bien phan bac hai noi ring, tai moi thcJi diSm u y do bien dong tuyet doi ttic 
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Co sd Toan tAi chinh 


tlidi cua I(t) la S 2 (u) . Mot each hinh thijfc, chung ta co the viet cong thiire 
bien phan bac hai dtfdi dang vi phan nhir sau: 

dl (t) dl (t) = 6 2 (u) dt. 

Trong trudng hpp 6 (it) — 1 ta thay lai cong thtic da bict tTong muc trade 

dB{t)dB(t) = dt. 

Chting mink. (Vdi mQt qua trinh co ban <5) Gia stf II = {ii, t 7l ) la phan 
hoach cua doan [0, t\ , sao cho <5(it) = 6 (tk) vdi tk < u < ijt+i- Khi do t — t n va 
ta co: ^ 

{I) (i) =£[</) !)-(/> (‘01- 

A:—0 

Vdi moi/c = 0,1, 1, tatinh (I) (tk+i)-(I) (tk) ■ Dat E = {s 0 ,si, 

la mot phan hoach cua doan 

tk — ^ ^1 ^ ■■■ ^ tk-\-\ <) 

khi do: 

I (s j+1 ) - / (Sj) = / 6 (tk) dB(u) = 6 (tk) \B(sj + \) - B (^)] - 

Js, 

Vay 

T71-1 

(I) (t M ) - (I) (t k ) = £[/( Si+1 )-/(^)] 2 

j= 0 

m-1 

2=0 

11=11-0 5 2 (tk)(h + i-t k ). 
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Chu y 4.1.4. Neu X va Y la hai qua trmh ltd cho bdi: 

X — Xu ■+■ f h\ (s, uj)ds -h f /i(s, cj)di?(s), 
J D Jo 

Y = Yo+ f l h 2 (s,u)dsY f f 2 (s^)dB(s) 
Jo Jo 


tin t 

(X,y)(t)= f f 1 (s,u>)f 2 {s,u)ds. 

Jo 

4.2 Cong thufc Ito 

4.2.1 Cong thut Ito m6t chilli 

Trong mue nay ta tim mot cong thric “vi phan” cho / (B (t)) , d do f (x) la 
mot ham kha vi. NBu B (t) cung kha vi thi cong thric vi phan cua ham hop 
thong thudng cho ta: 

j t f(n(t)) = f (B (; t))B ' (i), 

hay vi6t dudi dang vi phan nhir sau: 

df(B(t)) = f'(B(t))B'(t)dt 
= f(B(t))dB(t) 

Tuy nhien, B (t) la khong kha vi, va trong thuc te n6 co bien phan bac hai 
khac khong, vi vay, bi6u dicn chmh xac vi phan df(B(t)) co them mot so hang 
dang: 

df(B(t)) = f'(B(t))dB(t) + \f"(B(t)) ^ . (4.3) 

dB(t)<W(t) 

Cong thtic trcn goi la cong there Ito dang vi phan (si 1 ton tai cua so h^ng them 
vao se dUdc giai thich trong c&c muc sau). De co mot cai nhin tong quat. trade 
tien ta tim hieki kh&i niem vi phan Ito: 

Dinh nghia 4.2.1. (Vi phan Ito). Gid sxt X = (, t > 0 la mot qua trmh 
ngau nhien sao cho: 
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Co sd loan tai clunk 


(a) Ildu hit cac quy dao t —> X t la lien tuc, 

(b) Hdu chdc chan X t co bieu dien: 

X t = X Q + f h(t,u>)ds-\- f J(s,u;)dB 3 (4.4) 

Ja Jo 

trong do h va f la cac qua trinh ngdu nhien do duric dan sao cho cac tick phdn 
trong bieu diin tdn tax thi ta noi ring X la mot qua trinh ltd va co vi phdn 
ltd dX. 

Vi phdn ltd dX Id mot bieu thtic hinh thitc duric viet nhu sau: 

dX t = h(t, u)dt + f(t, u))dBi (4.5) 

hay dX = hdt 4- fdB. 


Chu y 4.2.1. (a) Khi ta viet mot vi phdn co dang (4.5), ta hi£u rdng diiu do 
co nghia la ta co he thtic (4.4) hdu chdc chan. 

(b) Trong khi thUc hien cac tinh toan tren cac m phdn, ta co the dp dung cac 
qui tdc sau: 

dt.dt - 0, dt.dB = dB.dt = 0, dB.dB = dt. 

Ngvfdi ta da chufng minh dtfoc dinh ly sau (xem tai lien [6]): 

Djnh ly 4.2.1. (Cong thufc Ito mot chieu). Cho X la mot qua trinh Ito 
vcJi dX = hdt 4- fdB. Gia thil g(t, x) : R 2 —> R id mot ham hai bien kha vi 
lien tuc cap 1 theo biin thti nhat t, kha vi lien ty.c cap 2 theo bxin thd hai x. 
Khi do qua trinh ngdu nhien Y t — g(t,X t ) la mot qua trinh ltd co vi phdn Ito 
cho bdi: 

(/,) dY t = —(t.XJdt + ^(t,X t )dX t + (4.6) 


hodc dang hiring during sau: 

(h) Y t = g(0, Xo) + [ |f (s, X.)ds+ 

+ jf |f (*,X.)dX. + \j‘ Ijk( a ,X.)f(s,u)ds. (4.7) 

Cong thufc Ito thufc chat la mot corig tlulc doi bien trong Giai tich ngau 
nhien: Tuf mot qua trinh ngau nhien Ito (J\T*) neu ta bien doi thanh (Yt) v6i 
Yi = g(t,X t ) thi vi phan dY se tmh theo cong thufc (4.6). Cong thufc nay rit 
chn thiet dd tinh tich phan ngUu nhien, thufc hien cac phop bien doi ngftu nhien 
va giai cac phifcJng trinh vi phan ngau nhien. 
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Chu y 4.2.2. (a) Trong cac cong thuc (I i) va (h) thi dX coi nhU da bict, va 
ta co the thay dX = hdt + fdB. 

(b) Trong trudng hpp = f{B t ) thi cong thiic ltd (4-V cd thi viit dudi 

dang ddn gian nhu sail: 

f(B (t)) - f (B (0)) = £ f (B («)) dB (u) + 1 jf f" (B («)) du. (4.8) 

'Prong ve phdi cua (4.8), tick phan thti nhat 

f f(B(u))dB(u) 

Jo 

la mot tich phan ltd da xdc dinh trong muc trildc, tich phan thd hai 

f f" [B (u)) du, 

Jo 

Id mot Uch phan Riemann que.n thuoc trong gidi tich c .5 diin. 

VI du 4.2.1. TInh tich phan 1 = f* B s dB 9 . 

Giai: ChQn X t = B t va g{t,x) = x 2 . Khi do: 

Y l = g{t,X l ) = g(t,B l ) = Bl 

, 2 r. 3*9 

9 [t,x) — x => -=0, - = ^—=2. 

NgoM ra, vi X t = B t = J 0 * l.dB s cho nen / d day bang 1; ap dung cong thtic 
Ito (/ 2 ) ta dude: 

Y t — Bf = [ 2 B,dB s + - f 1 As = 2 [ B s dB s + t. 


Do do: 


B,dB, = -B? - 
* 2 ' 2 


VI du 4.2.2. Tfnh tich phan I = f(s)dB a trong do / la mot ham tit dinh, 
kha vi cip L 

Gidi: Chon g(t,x) = do do Y t = f(t)X t = }{t)B t . 

dg dg d 2 g 

ft =f{t)x Yx =f{t) a? =0 ‘ 
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Co sd Toan tiki chmh 


Theo cong thtic I to (A), ta co 


dY t - f\t)X t dt + f(t)dX t + 0 


hay la 


d[f(t)B t ] = B t df(t) + f(t)dB t . 

Vay: 

f f(s)dB, = f(t)B t - f B,df(s). 

J 0 Jo 

Do la cong thrtr tfch phan tting phan cua tick phan ngau nhicn I to trong trudng 
hop ham dudi dau tfch phan la tat ctiuh. 

Chu y r3.ng, theo gia thidt / la kha vi nen no co bien phan gicfi n§i tren 
doan [0, t\ va do do tfch phan B s df(s) la co nghia. Trong trtfdng hop t6ng 
quat, neu f(t,u) la mot qua trinh ngau nhicn vdi quy dao co bien phan gidi 
noi, thi ta c6 cong thxjfc tfch phan tifng phan sau: 

f }{s,u>)dB s = f(t y Lj)B t - f B s df(s) - (/, B) (t), 

Jo Jo 

trong do (/, B) (t) la bien phan bac hai cua qua trinh / va B. 


4.2.2 Nguon g6c cua cong thtfc Ito 

Xet ham / (x) — \x 2 , ta co: 

f(x) = x i f"(x) = 1. 

Gia sti xjt, Xfc+i la cac so tlnic. Theo cong thtic Taylor, ta co: 

/ (xit+O - f{x k ) = (x k -x k+ i)f'(x) + 1 (x k - :x k+1 ) 2 f"(x k ) (4.9) 

(trong trtfdng hqp nay, cong thufc Taylor tdi bac hai la chfnh xac vi / la mot 
ham b$o hai). Trong trudng hop t6ng quat, phtfdng trinh (4.9) chi la xap xi, 
va sai s6 la lay thtifa cua (x* - Xjt+i) 3 - Tuy nhien, t6ng sai s6 se co dan tdi 0 

khi iinii -> 0 . 
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Bay gic* co dinh T > 0 va gia sti n = {to, hi ■ -■,*«} la mot phan hoach eua 
[0,T] . Suf dung cong thufc Taylor, ta co: 

/ (B (T)) — f (B (0)) 

= \b 2 (T) - '-B 2 (0) 

n-1 

= £[/(B(4 + i)-B(4))] 

/c=0 

n—1 n—1 

= £ |B (4+0 - B (4)i /' (B (4)) + -£[B (4+0 - B (4)] 2 }" (B (4)) 

fc— 0 fc =0 

n-1 _ n—1 

= 51 B ( 4 ) |B (4 + i) - B (4)1 + - £ [B (**-0 - B Ml* • 

fc-0 fc=0 

Cho |[n|| —v 0 ta thu dtfdc: 

/ (B (T)) - f (B (0)) - j B{u)dB(u) + \{B)jT) 

= [ f(B (u))dB(u) + 1 [ f" (B (u))du. 

J 0 ^ JO V v" 

1 

Day la cong thtic Ito dang tich phan cho trifcmg hop d&c biet: 

f ( x ) = ^ 2 - 

4.2.3 Chuyen dong Brown hinh hoc 

Dinh nghia 4.2.2, (Chuy6n dong Brown hinh hoc), Chuyin dong Brown 
hinh hoc la qua trinh co dang ; 

S (t) = S (0) exp |<tB (<) + - 1<t 2 ^| t j , 

trong do va o > 0 la cdc hhng so. 
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Cd sd Than ta/ chfnh 


Dat: 

f (t,x) = S (0) exp | ax 

ta co: 

Ta lgi co: 

ft = (m ~ / . ft = of , J xx = < 7 2 /- 

Ap dung cong thtic I to, ta duoc: 

dS(t) - df{t } B(t)) 

= /'* + f' x dB + \f: x dDdB 

dt 

— (^fd - fdt -f afdB 4- 
= /iS 1 (t) dt 4- cj-5 (£) dB (t). 

Vi the cho non, dang vi phan cua chuyen dong Brown hinh hoc la: 

dS (t) = fiS {t) dt -\ aS (0 dB ( t ), 
va dang tich phan cua chuyen dong Brown hinh hoc la: 

S (t) = S (0) 4- f }iS(u)du+ f aS(u)dB(u). 

Jo J o 

4.2.4 Bien phan bac hai cua chuyin dong Brown hinh 
hoc 

Trong dang tich phan cua chuyen dong Brown hinh hoc: 

S (t) — S (0) 4 - f tiS (u) du+ f aS ( u ) dB (u ), 

Jo Jo 

tich phan Ricmann 

F {t) = f }iS ( u ) du 

Jo 
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la kha vi vdi F' {t) = pS (t) , do do s6 hang nay co bien phan bac hai bang 
khong. Tich phan Ito 

G (t.) [ aS(u)dB(u) 

J o 

khong kha vi va no co bien phan bac hai 

(G) (t) = ( (i 2 S 2 (it) du. 

J o 

Vi the, bien phan bac hai ca ia S la cho bdi bien phan bac hai cua G. Trong ky 
hieu vi phan, chilng ta viet: 

dS (t) dS (t) = (pS (t)dt + aS (t) dD (t)) 2 = u 2 S 2 (t) dt. 

Chu y 4.2.3, (Do bi6n dong cua chuyen dong Brown hinh hoc). Gid 

sit ta co dmh 0 < T\ < T2 mII = {<0, £1,..., t n ] la mot phan hoach cua [T\, T2] . 
Do bien dong tuyet dSi bac hai cua S tren [7\, 7 2 ] Id: 

T 1 r F,\S(tk+i)~ s{tk)\ 2 ~ L — f u 2 S 2 (u) du 

~ rr 2 S 2 (Ti). 


Khi T'i l Ti, zap £ren thank chink xdc. Noi each khde , do 6ien don^ 

thdi cila S la a 1 . Day cung thuting diUJc goi la do bien dong drin gidn cua S. 


4.2.5 Nguon g6c cua cong thiJc Black-Scholes 

Thi san cua mot ngifdi dau tif. Gia stf mpt ngtfdi dau tit bat dau vdi tai sail 
ban dau khong ngUu nhicn Vo va tai moi thdi diem t sd hum A ( t) cd phicu. 
Gia co phieu dtfdc mo hinh bdi mot chuyen dong Brown hinh hoc: 

dS (t) = (.iS (t) dt + aS (t) dB (t). 

A (/) co the ngau nhien, nhittig can phai thich nghi. Ngttdi d&u tit thile bien 
viec dau tu cua ong ta bang each vay hoac cho vay vdi lai suat r. 

Ky hieu X (t) la tai san cua ngudi dau ttf tai thdi diem t f ta co: 


X(t) = A (0 S (0 + r [V (t) - A (t)S (0] ■ 
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Ccf sd Than t.hi chinh 


Do do: 

dX(t) = A(t)dS{t) + r[X{t)-A{t)S(t)]dt 

- A (t) [//S'(t) dt 4 (t) dD (t)] | r [A (t) - A (t) S {t)\ dt 

~ rX (t) dt -b A (£) S (t) (// - r) dt -f- A (t) £ (t) odB (t). 

Phan bu rui ro 

Gia tri cua mot quyen chon. Xct mot quyen chcpn kiiu Au ma tra g (S (T)) 
tai thpi diem T. Ky hieu v(t,x) la gia tri cua quySn chon nay tai thPi diem t 
neu gia co phieu la S (t) = x. Noi each khac, gia trj cua quyen chon tai m6i 
thcJi di$m t e |0, T] la: 

v(tS(t)). 

Vi phan cua gia tri nay la: 

dv ( t , S (t)) = v[dt + v' x dS + ]-v" x dSdS 

La 

= v[dt 4- v x [iiSdt + oSdB] + ^v” x cr 2 S 2 dt 
v[ \ iiSv' x 4- -<7 2 S 2 u" T j dt 4 aSi)' x dB. 

Mot danh muc dan tvf co phong ho bat dau vdi tai sail ban diu X 0 nao do va 
dau tif do nhan dupe tai san X (t) tai moi thPi diem t. Tfir tren ta co: 

dX (0 - [rX + A {fi - r) S\ dt + aSAdB. 

Di bao dam rang X {t) = i; [/, S (t)) vdi moi t, ta can bang he so cac vi phan 
cua chung. Can bkng cac h$ s6 dB ta thu dupe cong thiic A-hedging: 

A (t) = v x (t, S (t)). 

Can bang cac he s6 dt s ta thu dupe: 

v't + nSv' x + \° 2 S 2 v'; x = rX + A Qz - r) 5. 

Xhung ta da dat A = v x va ta dang tim kiem nguyen nhan X bang vdi Ket 
hpp cac phUdng trinh nay ta thu dupe: 

v[ + nSv' x + 1<7 2 S 2 v xx = rv + v' x (n- r) S , 
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(5 do v — v(t)S (<)) va S = S (t)). TCf do suy ra: 

/ ■ r» / , ^ 2 r-2 " 

v t + f- -a 6 — rv. 

Vay. gia sir v la nghiern cua phtfcmg trinh dao ham rieng Black-Scholcs: 
v t (i, x) + rxSv' (*, x) 4- \-cr 2 x 2 v" x (t, x) = ru (i, x) 

Cr 

thoa man dieu kien bail diu: 

u(T,x) = y (x) 

thi mot ngirdi dau ttf bit dan vdi X 0 — v (0, S (0)) va sut dyng phong ho 
A (t) = vxit^S (<)) sc co tai san X (t) = v (t, S (t)) vdi moi t , trong thnc te 
X(T)=y(5(T)). 

4.2.6 Trung binh va phu'dng sai cua qua trinh Cox- 
Ingersoll-Ross 

Cox-1 ngersoll-Ross dira ra mo hmh ngau nhien cho dong hoc cua lai suat r(t) 
bdi phtfcmg trinh sau: 

dr ( t ) = a (b - C7’ (t)) dt + o\[r ( t)dB (t), (4.10) 

trong do c,a va r(0) la cac h&ng s6 dirong va B(t) la mot chuyen dong 
Brown. Dang rich phan cua phtfcing. trinh nay la: 

r(J) = r(0) + a f (b - cr (u)) du -r a f yjr (u)dB (u). 

J o Jo 

Ap dung cong thufc Ito de tinh dr 2 (t) = df (r (t)) , vdi / (x) = x 2 , ta dtfdc: 
dr 2 (t) = df(r(t)) 

= f ( r W) dr ( t ) + i/" (r (t)) dr (<) dr (t) 

= 2 r(t) [a (6 - cr (/)) dt + ay/r(t)dB (/)j 

+ a(b — cr (t)) dt + ayjr [t)dB (£)j 

= 2a6r (t) dt — 2acr 2 (t) dt -h 2crr^ (£) df? (t) + <j 2 r (f) dt 
= (2ab 4- cr 2 ) r (t) dt — 2 acr 2 (t) dt + 2<rr 5 (£) dB (£). 
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Trung blnh cua r(t). Dang tich phan cua phudng trinh (4.10) la: 

r (t) — r (0) — a f (b — cr (u)) du 4- o f \Jr (u)dB (ti). 

J o Jo 

Liy ky vong hai v£ va liru y r&ng ky vQng cua mOt tlch phan Ito bang khong, 
ta thu dtfdc: 

E [r (t) j = r (0) 4- a f (b — cE [r (iz)]) du . 

Jo 

Dao ham hai ve cho ta: 


til do suy ra: 


-E[r (t)] = a (b - cE[r (<)]) = ah — oE[r (£)], 


[e“ c( E[r (<)]] = e act acEjr (*)] + ^E[r (t)] = e act ab. 


Tich phan hai ve cho ta: 


e oc, E[r (t)] - r (0) = ab / e am du = - ( e acl - 2) . 

Jo C 


Ta giai vdi E[r(i)]: 


E\r(t)}m- c + e- a « (r(0)-*). 


Neu r(0) — - thi E[r(£)l — - vdi moi t . Neu r(0) ^ - thi r(t) thoa man 
c c c 

lim Efr (t )j = 
t —* oo c 

Phtfdng sai cua r(£), TCf dang tich phan cua phudng trinh ta co: 

r 2 (£) = r 2 (0) 4- (2ab + a 2 ) f r(u)du-2ac f r 2 (u)du-\-2cr f r*{u)dB{u). 

Jo Jo Jo 

Lay ky vong hai ve, ta thu dude: 

E[r 2 (2)] = t* 2 (0) + (2 ab + a 2 ) f E[r (u)|du - ‘2ac f E[r 2 (u)\du. 

Jo Jo 
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Dao ham cho ta: 


suy ra 


—E[r 2 (£)] = (2 ab + cr 2 ) E[r(£)] — 2acE[r 2 (i)], 

(ib 


f e 2 “ ct E[r 2 (0] = e 2a * 2acE[r 2 (t)] + ^E[r 2 (t)] 


= e 2act (2ab + a 2 ) E[r (i)]. 

Stf dung cong thi'rc tmh E[r (i)] va tfch phan phudng trinh cuoi, ta thu dupe: 


E[r 2 (t}] = 


.7 2 26 


r(0)--) -e-^ 1 + - - r (0)) e" 


V»r|r(()] - E[r’(t)|-(E|r(()]) ! 


o 1 ( b 


ac \ 2 c 


-r(0) e 


4.2.7 Chuyen dong Brown nhieu chieu 

Dinh nghia 4.2*3. (Chuyen dong Brown d chieu)* Mpt chuyin dong 
Brown d chieu Id mot qua trinh ngau nhien 

B (t) — (B\ (0,...,&(<)) 

vdi cac tmh chat sau: 

• MSi 1 < i < d, (t) la mot chuydn dong Brown; 

• Ncu i ^ j thi cac qua trinh B{(t) va Bj (t) doc lap. 

Cung vdi mot chuyen dong Brown d chieu, ta co mOt bp lpc (0}i>o sao 
cho 

• Vdi rrioi t vec to ngau nhien B{t) la ? (t)-do dupe; 

• Vdi nidi t < ti < ... < t n cac vec to so gia 

B {ti) - B(t),B (i l n ) - B (t n - 0 
la doc lap vdi T (t). 
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4*2.8 Bi6n phan cheo cua cac chuycn dong Brown 

Xet mot chuyfin dong Brown d-chit\i B {t) = (B\ (t) , Bd (£)) ■ Vi moi thanh 
phan Bi la mot chuySn dong Brown mot chieu. ta co phudng trinh hinh thric: 

dBi (t) dBi (t) = dt. 

Tuy nhion, ta cd; 

Dinh ly 4.2.2. Neu i ^ j, 

dBi (t) dBj ( t ) = 0. 

Chung rriinh . Gia sur n = {to* ..,£«} la mot phan hoach cua [0 >T ]. Vdi i ^ j } 
ta xac dinh bien phan chdo cua Bi va Bj tren [0 } Tj la: 

n— 1 

Cn = Y. - B ‘ (‘01 [Bj - B s M - 

k= 0 

Cac so gia xuat hien tTen ve phai cua phudng trinh tren luon doc lap vdi mot 
trong chung va co trung binh b&ng 0. Vi the cho nen: 

E \C U ] = 0. 

Ta tnili Var [CnJ. Trildc tien, nhan thay rS.rig: 

n— 1 

C,i = ^(B i (<* +1 )-B,(t fc )] 2 [S,(4 + i)-Bj(4)] 2 

Jfc=0 
n—1 

+X (**+i) - B * Ml - D i Ml 

/ < k 

X (B, (t M ) - B % (tfc)] [Bj (tjb+i) - Bj (4)]} . 

Tit ca cac so gia xuat hien trong tdng cua cac so hang cheo la doc lap vdi mot 
trong chung va co trung binh bang 0. Vi the cho nen: 

VarjCn] = E [C 2 ] 

Ifljfru-i)-Biftt)] 2 ! ■ 


"n-1 

= E 52 [Bi (t M ) - B { (tit)] 2 

_k-o 
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Nhitng [Bi (4+0 - Bi (4)] 2 va [Bj (4+i) - Bj (4)] 2 doc lap vcri mot trong 
chung va mdi so hang co ky vong (4+i - 4) > Diou do suy ra ring 

n—1 n—1 

Var [C n ] = £ ftn-i ~ 4) 2 < ||n|| £ (t k+i - t k ) = ||n|| .T. 

k=Q k—0 

Khi ||TT|[ —*► 0 thi Var [Cnj —> 0, vi vay Cu hoi tu tdi hang so E[C n ] =0. □ 


4.2.9 Cong thtfc Ito nhieu chieu 

Trudc tien, do dan gian, ta xay dung cong thuto Ito oho hai qua trinh diou 
khien bdi chuySn dpng Brown 2-chieu. 


Gia set 

X va Y la 

cac qua trinh 

co d^ng 

f & n (u)dB 2 (w), 

X(t) 

= *(0) + 

/ a (u) du + 

/ (S,i (u)dBi (u) + 



Jo 

Jo 

Jo 



ft 


ft 

Y(t) 

= y(0) + 

/ P (w) du + 

J 0 

/ ^21 ( u ) dBi (a) H- 

Jo 

/ 822 (u) dB<2 ( U) . 
/o 


Moi qua trinh hao gom mot diou kien ban dau khong ngau nhien, cong them 
mot tfch phan Riemaim, cong mot ho&c nhieu tfch phan Ito, dupe gpi La cac 
semi martingale. Cac ham dudi dau tfch phan a{u),P(u) vk 8 k j (u) co the la 
qua trinh thfch nghi bit ky. Tfnh thfch nghi cua cac ham dudi dau tfch phan 
Liao dam ring X va Y cung thfch nghi. Dudi dang vi phan, ta viet: 

dX — adt + 8\\dB\ + 8\2dB2^ 


dY — (3dt + 8%idB\ + 522dB<2- 

Vdi hai semimartingale X va Y nay, cac bien phan bac hai va cheo la: 

dXdX = (adt + 5 n dB! + 5 n dB 2 )\ . 

= Sf^dBjdBi 2S]^Si2dBidB^ -j- S.^dBi d 

dt 0 dt 

= (*n + 4) 2 *, 

dYdY = (fidt + 6i\dB\ f <5 22 dB 2 ) 2 
— (<5 2 , + ^ 22 ) 

dXdY = (adt + /> u dBi + S 12 dB 2 ) (0di + 5 2l dB 2 + 6 22 dB 2 ) 
= (<Sn^2i + i5l 2 (5 22 ) dt. 
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Gia suf g(t,x y y) la mot ham cua ba bien, va gia suf X (t) va Y (i) la cac 
semimartingale. Khi do ta co cong there It.o: 


g (t, x % y) = g[dt + g' x dX + g’ y dY + $ + 2g’’ y dXdY + 9 y y dYdY] . 

Dudi dang tich phan, cong there nay co dang; 

9 (*, X (t), y (t)) - 5 (0, X (0), y (0)) = f \g[ + ag’ x + Qg'y 4 - 

Jo 

1 2 + ^*2) + (^ n ^ 21 + ^12^22) Qt y + (^21 + ^22) 9 w du 

+ [ + £ 21 ^] dB\ + f [Si2g x + dB<2 y 

Jo Jo 

trongdo / = /(?i,X(w),y ( 1 /)) vdi moii, j G {1,2} ,6 tj = 8 tj {u) y Bi = B { (u). 

Mot each t6ng quat, ta xay dimg cong there Ito nhiSu chieu nhef sau: 

Cho X t = (Xi(t),X 2 (t)y ...> X n {t)) T , t > 0 la mot qua trinh ngau nhien 
n-chieu va B t — (Bi(t)> B 2 (t),Bd(t)) T , t > 0 la mot chuy£n dpng Brown 
d-chieu. Vi phan Ito dX t = (dXi(t),dX 2 (t), ..., dV n (£))^ co th§ vict lnnh there 
nhu sau: 


dX t = h(t y u)dt + f{t s u))dB t 
hay dX = hdt + fdB. 


(4.11) 


vdi h(t y u;) = (h } (t,bj),h 2 (t,Lj).'. y h n (t y u)) T ,dB t ~ (■ dBi(t) i dB 2 (t)... y dB d (t)) 1 


f{Uu>) 


fn[t y u) ... 

/2l(i,w) h2(t y U)) ... f 2d (t y U>) 


V /nl fra(t*U>) -■* fnd(t,u) J 

Ta co dinh ly sau (xcin chi t.iet trong tai lieu [6]): 

Dinh ly 4.2.3* (Cong thric Ito nhi&u chieu). Cho B t la mot chuyin dQng 
Brown d-chieu va X t la. mot qua trinh ngau nhien n-chieu co vi phan ltd dq,ng 
U.lt). Gid stig{t,x) ~ (g x {t, x), g 2 (t, x ),..., g m {t, x)), x = {x u x 2i G R n 

la. mpt ham vecto sao cho cac ham gj{t,x) = gj(t y X\ y x 2l x n ) kha vi cap 1 
theo t va khd vi cap hai theo cac bien x % . Khi do qua trmh ngdu nhien m-chieu 
Yt = g{t s X t ) - (Yi(t),Y 2 (t) y ...yY m (t))y t > 0 cung co vi phan ltd 

dY t = {dY l {t)ydY 2 (i) y ...,dY m {t)) 
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trong do vdi moi j — 0 , 1 , vi phan dYj(t) xdc dinh nhii sau: 

d Y 3 (t) -= °^~dl + £ 


dt 


1=1 


2 ^ dxidxk 

i,k=l 


(4.12) 


Vi du 4.2.3. Tim vi phan ltd ciia qua trinh ngau nhicn X t — (X\(t), X 2 {t)) 
vdi X\ = cos B t , X 2 (t) — sin B t va B t la mot chuySn dong Brown. 

Giai: Xet ham vccto g(t ) x) = (g-[ (t, x); g 2 (t, z)) trong do <7i(t,x) = cost; 
ij' 2 (t s x) = sin x. Ta co: 


dgi{t,x) = 3<7i(t,.x) 

at 8x 

% 2 (t,z) _ n . a<fe(t,x) 
at ax 


- sm x; 


z) 


ax 2 


— cos x; 


cos x; 


dgjXx) 

dx 2 


= - smi; 


, dtft(t,x) _ 
dxjdx 2 

a^(t, x) _ 

dx 2 dx i 


- 0 ; 


= 0. 


Ap dung cong thure Ito nhicn chieu ta co dX t — (dX\(t)i dX 2 (t )), trong do: 

dX i (t) = — sin — - cos B t dt\ 

dX 2 (t) ~ cos B t dB t — i sin B L dt. 


Vi du 4.2.4. llm vi phan Ito cua qua trinh ngau nhien Xt — (Ad(£), X 2 (t)) 
vdi Xi = Bi(t) + B 2 (t),X 2 {t) = tBi(t)B 2 (t) va B t — (B x (t)\B 2 (t)) la mot 
chuyen dong Brown 2-chieu. 

Giai: Xet ham voctd g{t,z) = (gi(t y x);g 2 (t t x)) trong do <?i(t,x) = x\ T x]\ 
g 2 (t, x) = tx\x 2 . Ta co: 


Og\{t,x) 

Dt 

dgj(t,x) 
dx\ 

dg 2 {t,z) 

dt 

dlfiXx) 

dx\ 


n 9gi(t,x) n _ dg\(t,x) . 
= 0; — s - = 2xi; — - = 2x 2 ; 


8xy 


dx 2 


= gg^tif) = dgl(t,x) _ n _ dgftt,x) ' 

dx\ ’ dx^dx? 

dg 2 {t,x) _ dg 2 (t,x) 

Xjx 2 , ^ tx 2) ^ IXi, 


dx 2 dx 


dx i 


dx 2 


= 0 . dg%(t,x) = 0 ag|(t,x) = ( = 0gf(<, x) 


< 9 Xo 


dx 2 dxi 


$x 1 (?x 2 



CcJ sd Toan tki chlnh 


152 

Ap dung cong thdc Ito nhieu chieu ta co dX t = (dX\(t) m , dX 2 (t )), trong do: 

dXiit) = 2 B x (t)dBi(t) + 2 B 2 (t)dB 2 (t) + 1(2 dt + 2 dt) 

— 2 (B\[t)dBi{t) + B 2 (t)dB 2(^) “I - dt)\ 

dX 2 (t) = B\{t)B 2 {t)dt + ti?2(£)dl?i (£) d - (£)dS2(0 -h — (/di?i(£)di?2(^)) 

- + *(#2(f)di?i(i) + S 1 (i)dB2(0)> 

Cong thtic Ito nhieu chieu thifdng duoc dung dc thijc hien cac phep bien 
doi ngau nhieu va giai cac phudng tnnh vi phan ngau nhieu nhieu chieu; nhd 
do co the xay dung cac mo hinh dinh gii vdi nhieu tai san tai chinh. 


4.3 Tfch phan ngau nhien Stratonovich 

4.3.1 Khai niem 

Vdi dinh nghia tfch phan Ito ncu d phan tren, till gia tri cua qua trinh / trong 
tdng tich phan S n lay tai dau mut ben trai t* cua moi doan nho [4^/t+i] cua 
phan hoach U : 0 = t Q < < ... < t n = t 

71-1 

fc=o 

Bay gid, thay vi dau mut trai, ta chon diSm chinh gitia fc+1 cua m6i 

doan nho do, khi do ta co dinh nghia cua mot loai tfch phan ngau nhien mdi, 
goi la tfch phan Stratonovich. 

Dinh nghia 4.3.1. Tick phan Stratonovich dUric dinh nghia bdi gidi han theo 
nghia bxnh phuong tiding bmh cua tong 

k =0 

khi [|II|| —v 0, va ky hieu bdi 

f(s,u) odB s . 
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4.3.2 Lien he giufa tich phan Stratonovich va tich phan 
Ito 

Tif dinh nghTa, ta do dang suy ra cong thtic lion he giifa tfeh phan Stratonovich 
va tich phan Ito nhu sau: 

J* /(», w) o dB a = f f{*> v)dB. + \ (/, B) (t). 

Dae hint, khi h(x) la ham mot bien kha vi lien tuc v6i nguyen ham U{x) thi 
ngtfdi ta cluing minh diiqc cong thurc sau (Cong thtic kieu Newton-Leibnitz doi 
vdi tich phan Stratonovich): 


f h(B s )odB a = U(B t )-U(B t0 ). 
Ju 


That vay, ca hai ve deu bSLng: 


r> h(B 3 )dB a + ]■ f h'(B,)ds. 
:q 2 Jto 


NhtJ cong thufc tren, co the ap dung defoc cac quy tac cua tich phan xac 
dinh trong Giai tich.co di£n cho tich phan Stratonovich, ching han: 


f B a o dB, = l -B 7 t 
J 0 l 


e B * o dBo = e Bt — 1,... 


Cung nhcJ vay. doi khi viec tnih mot tich phan Ito se trd nen de dang hdn neu 
ta chuySn sang tich phan Stratonovich. 


Vf du 4.3.1. 


J‘ B,dB, = J‘ B, o dB a - I (B, B) (t) - l -B\ - h. 
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BAI TAP 


Bai tap 4-1. Sd dung dinh ughla tich phan Ito, tmh tick phan: / 

Jo 

Bai tap 4.2. Sd dung cong thdc Ito, tinh tich phan: / exp (/?J) dB<,. 

J D 

Bai tap 4.3. Sd dung cong thdc Ito, chdng minh rang: 

f B]dB, = \Bl- [ B s ds. 

JO d J o 

Bai tap 4.4. Cho dX t — f t dB t va Y t = Sd dung cong thdc Ito, chi 

ra rang: 

a) N T eu g(t, x) = exp(x) thi: dY t = -f^Y t dt -f f t Y t dB t . 
a) Ncu g(t,x) = exp - ~ J f^ds^j thi: dY t = f t Y t dB t . 

Bai tap 4.5. Sd dung tmh chat cua tich phan Ito, xet xcm car qua trinh sau 
co phai la martingale hay khong: 

a) Mt = exp x cos B t , i > 0. 

b) M t = exp x sin B t , t > 0. 


c) X t - {B t 4- 1) x exp - -t 

Bai tap 4.6. Cac qua trinh sau day eo phai la martingale doi vdi bo loc Tf 
hay khong: 

a) X, - 131 

b) X t - t 7 B t -2 [ sB'da. 

Jo 

c) X t - B\(t)B' 2 (t) t.rong do (B } (t), _B 2 (0) la chuyen dong Brown 2 chieu. 

Bai tap 4.7. Tim vi phan It.o cua cac qua trinh sau: 

a) X t - Bl 

b) X t = 2 I t- h exp(5*). 

c) X t = exp {at 4- $B t ) s a, fi la cac hang s6. 
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Bai tap 4.8. Tim vi phan ltd cua cac qua trinh sau: 

a) X t — B‘*(t) 4 vdi (£h(£), B 2 (t)) la chuyen dong Brown 2-rhiou. 

b) X t ~ Bi(t.)B 2 (t ). vdi (Bi(t)< B’zit)) la chuyen dong Brown 2-chiou. 

c) X t = {to + t, B ( ), vdi Bi la chuyen dong Brown 1-chieu. 

d) Xt = + Bait) + B 3 (t),Bl(t) - vdi Bait), Bait)) 

la chuyen dong Brown 3-chiou. 

e) X t = exp ^ct + ntjBj(t)^j , vdi c, oq, r* 2 , ..., r.v Ti la cac hkng so thtfc, 

(Bi(0, la chuyen dong Brown n-chieu. 

Bai tap 4.9. Chufng minh r&ng, neu la mot qua trinh ngdu nhicn vdi 

quy dao cd bien phan gidi noi, thi ta co cong tlujfc ti'ch phan thug phan sau: 

1 1 f(s, u)dB 3 = f(t , w)B t - 1 1 Bsdf(s) - </. B) (t), 

Jo Jo 


trong do (/, B) (t) la bidn phan bac hai cua qua trinh / va B. 


Bai tap 4.10. Chcfng minh rang: Neu X la mot qua trinh Poisson tieu chuan 
thi martingale Poisson Y t = X t — t co bidn phan bac hai la (Y) (t) - t. 


Bai tap 4.11. Tf nh tich phan: 



o dB s . 


Bai tap 4.12. Bien ddi cac vi phan Stratonovich sau day thanh vi phan Ito: 

a) dX t = uX t dt + 7 X t o dB t . 

b) dX t — sin X t cos X t dt 4- (t 2 + cos X t ) o 


Bai tap 4.13. Bien ddi cac vi phan Ito sau day thanh vi phan Stratonovich: 

a) dX t = rX t dt 4- aX t dB t . 

b) dX t = 2exp {-X t )dt + 

Bai tap 4.14. Cho X t) Y t la cac qua trinh ngau nhien tren R co cac vi phan 
dX*. dYi vidt dirdi dang chudn. Chirng minh rang: 


d{X t Y t ) = X t dY t + 4 - 

Tir do rul ra cong thtic tich phan tirng phan tong quat 

[ X s dY a = X t Y t - X 0 Y 0 - f dX 9 dY s - f Y a dX s . 
7o Jo 
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Bai tap 4.15. Cho X t la mot qua trinh ngau nhien co vi phan Ito: 

dX t = f(t,u)dB t . 

a) X 2 c6 phai la mpt martingale khong? 

b) Chting minh rkng 


M t := X? - 



la mpt martingale. 

c) Chumg minh rang J 0 * \f s \ 2 ds = (X i X) t . Tfr do suy ra X 2 — (X) t la mot 
martingale. 

Bai tap 4.16. Cho Wf, W 2 la cac qua trinh Wiener doc lap, chnfng minh rang: 


d {W t 'W?) = W 2 d\ + W}dW 2 , 


trai lai> khi W{ — W 2 - W t thi 


d((W t ) 2 ) = ldt + 2W t dW t . 



Chufdng 5 

Phutolng trinh vi phan ngau 
nhien va ifoi g dung 


Nhieu qua trinh tai son tai chinh la cac qua trinh ngau nhien rna dong hoc ciia 
no cho bdi cac phildng trinh vi phan ngau nhien. Do vay de nghien criu cac d&c 
tfnh ciia cac qua trinh nay chung ta cin giai cac phildng trinh vi phan ngau 
nhien va mo phong ditdc quy dao nghiem cua no. Trong ehtfdng nay chung ta 
tim hieu nhfing noi dung sau day: 

• Phildng trinh vi phan ngau nhien. 

• Tinh chat Markov va mot so mo hinh tai chinh. 

• Phildng trinh vi phan ngau nhien nhieu chieu. 

• Mo phong ngau nhien. 


5.1 Phifdng trinh vi phan ngau nhien 

5.1.1 Khai niem 

Phildng trinh vi phan ngau nhien (Stochastic Differential Equations - viit gon 
la SDE) la phildng trinh co d$ng: 

dX (t) = a(t, X (t)) dt + o (t, X (t)) dB{t ), (5.1) 


tTong do a (t, rr) va a (£, x) la cac ham da cho, B(t) la chuyen dong Brown. 
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Gia svif (t 0 ,:r) da cho. NghiCiri (con goi la ldi giai) cua phadng trinh (5.1) vdi 
dieu kion ban dau (to,x) la mot qua trinh ngau nhicn {X (t)} i;><n thoa man: 

X (t 0 ) = x, 

X(0-X(t o )+ [ a(s t X(s))ds + f a{s,X(s))dB(s), t > t 0 . 

j to J t( ) 

Qua trinh nghiein {X (t)} i>Jo thich nghi vdi lpc {J~ (t)} t>0 sinh bdi chuyen 
dong Brown. Noil ta bint quy dao cua chuyen dong Brown tdi tnrdc thdi diem 
t, thi ta bict gia tri X (t). 

Gia scf X ~ ( Xt ), t > to la mqt ldi giai cua phadng trinh (5.1). Ta noi ldi 
giai do la duy nhat theo nghia sau: Neu co mot qua trinh Y = (Vi), t > to 
cung la mot ldi giai cua phadng trinh tren thi 



Ta thi'ra nhan dinh ly sau (cluing minh chi tiet co the tham khao trong tai 
lieu (6)): 

Dinh ly 5.1.1. (Dinh ly t6n tai va duy nhat). Neu ton tai mot hang so 
K > 0 sao cho vdi m,oi t, > to va mgi x, y € R 

|n(t, x) - a (t, y) | + |cr(t, x) - cr(t } y)\ < K\x - y\ (5.2) 

|n(t t .T)| 2 + |rr(t,z)| 2 < 1 < 2 ( 1 + |x| 2 ) (5.3) 

thi phuefng trinh (5.1) ton tai va duy nhat mot Idi giai. 

Vi du 5.1.1. (Dich chuyen cua chuyen dong Brown). Gia su a la mot 

hang so va a — 1, xet phadng trinh: 

dX (t) — adt + dB (t) . 

NCu (to.ir) da cho va dieu kien ban dau 

X(t 0 ) = x y 
thi 

X (t) = x + a (t - to) + (B ( t) - B (t 0 )), t > t 0 . 

Day la nghiem cua phtfdng trinh vi phan ngau lihien da cho. DC tinh vi phan 
doi vdi t ta coi nhu to va B (to) la cac hang so, ta co: 

dX (t) - adt + dB (t). 
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Vi du 5.1.2. (Chuyen dong Brown hinh hoc). Gia sii p va a la cac hang 
s6. Xct phitdng trinh: 


dX (t) = fiX (t) dt + aX (t) dB (t ). 

Cho dicu kicn ban dliu 

X (t Q ) = x , 

khi do nghiem cua phifrtng trinh la: 

X (i) = sexp |<r(C(i) - £(t 0 )) + (t - ^o)| ■ 

Tmh vi phan doi vdi £ mot lari ritfa, coi nhir to va B (i 0 ) la cac h&ng s 6 , ta co: 
dX(t) = (^i-^<r^X(t)dt + aX{t)dD{t) + ^a 2 X(t)dt 

= /iX(t)dt + <rX{t)dS(0- 

Chu y 5.1.1. De ddn gian, trong giao trinh nay ta luon gia thifit a(t,x) va 
a (t,z) la cAc. ham lien tur. theo (t,x) va lien tuc Lipschitz theo x, ttic Id co 
mot hdng so L sao cho: 

|n((,x) - a(t.y)\ < L\x - y|, \a (t,x) - v (t,y)\ < L\x - y\ (5.4) 

vdi moi t, x, y va khi do car. diiu kie.n (5.2), (5.3) luon dildc thoa man. 

Chu y 5.1.2. Cling nhu doi vdi phitdng trinh vi phan thitdng, ta khong co mot 
phucJng phdp chung di gidi cac phitdng trinh vi phan ngdu nhien . Trong cac 
muc sau, chung ta se xay dung phitdng phdp gidi cho mot so Idp phitdng trinh 
vi phan ngdu nhien co Idi gidi dudi dang hicn. 

5.1.2 Phtfdng trinh vi phan ngau nhien tuyen tmh 

Dinh nghia 5.1.1. ThUdng trinh vi phan ngdu nhien tuyen tmh la cac phitdng 
trinh co dang: 

dXt ~ \o,i (£) Xt -f- &2 (0] dt + ( t ) Xt + 62 (t)] dB t , (5.5) 


trong do u 2 , b\, b 2 la cac ham ndo do cua ihdi gian t hoac la cac hang so cdn 
B t Id mot chuyen dong Brown. 
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Cach giai. Do dan gian ta xet t 6 [0,T] va gia sir cac he so a i, b\,b 2 thoa 
man cac diou kicn (5.2), (5.3) tron doan [0,7] ; khi do phUdng trinh (5.5) co 
ldi giai duy nhat. 

Trirdc tien, ta xet hai trudng hop d&c biet cua phtidng trinh (5.5): 

• TrtfcJng hcfp 1* Neu a 2 (t) = 0 va b 2 (t) = 0 thi phucng trinh (5.5) trd thanh 
mot phtfdng trinh vi phan ngau nhlcn tuyen tinh thuan nhat: 

dX t = (0 X t dt + &i (t) X t dB t . (5.6) 

Tat nhien, X t = 0 la mot ldi giai t&m thtfcJng cua (5.6) . Sau day ta so di tim 
mot ldi giai khong phai d dang tam thirdng ciia phuang trinh do. 

Ta viet (5.6) dudi dang: 


^ =a, (t)dt + b x (t)dB a . 

At 


Lay tich phan hai ve cua (5.7) ta co: 





(5.7) 


(5.8) 


Ap dung cong thufc Ito cho ham g (t, x) = In a:, Y t = g (t , X*) = In X t \ 

3? .. - 1 ■ 

dt dx x ) dx 2 x 2 ’ 


ta co: 


hay 


Vi = laXo+ Lib + ll T? b ' {s)x ‘ ds 

<*Yt = 111X0 + J a ~ \f a 6 h*) rfs 


In Xt 

‘dX, 

X. 


inx ° + L ^ _ \ J 0 ds 

In ~ + \ jf ‘ 6? (s) ds. 


0 


(5.9) 
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Ket hdp (5.8) va (5.9) ta co; 

f a, (t) ds-- [ b\ (t) ds + ( hi (t) dB, 

J o 2 J Q J 0 

exp f a x (s) ds - f b\ (s) ds + f b\ ( s) dB s 
Uo 2 J Q J o 

X n exp | J ai(s)ds-~ J b\(s)ds + J b\ (s) dB $ . 

Vay ldi giai ciia phtfdng trinh (5.6) la: 

X, = Xo«p ^ (a,(s)-^b 2 l (s)^ds- t j‘h(s)dB, . (5.10) 




Vi du 5.1.3. Xet phtfcmg trinh vi phan: 


dX t — pX t di + aX t dB t , 


trong do /i, a la can hang s6, = x> 

Giai: Do thay, day la phtfdng trinh vi phan ngau nhien tuyen tinh dang (5.6) 
vdi ai (0 = fL b\ (t) = (J. Theo cong thufc nghicm (5.10) ldi giai cua phtfdng 
trinh la: 


X t = x. exp 



t + frBt 


Phtfdng trinh tren mo ta mo hinh Black-Scholes trong tai chinh ma sau nay 
ta sc xet den. 


• Trtfdng hdp 2. Neu b x (£) = 0 thl phtfdng trinh (5.5) co dang: 

dXi = [fit] (t) Xt 4* &2 (£)] dt 4- b? (t) dB t , (5.11) 

trong do tieng on xuat hipn dtfdi dang cong tinh. Khi do, ngtfdi ta noi rang, 
phtfdng trinh vi phan ngau nhien la tuyen tinh theo nghia hep. 

Cung nhtf khi tim nghicm cua phtfdng trinh vi phan thtfcmg, de tim nghiem 
cua phtfdng trinh vi phan ngftu nhien tuyen tinh (5.11), trtfdc tien ta tim 
nghicm cua phtfdng trinh vi phan ngau nhien thuan nhit ttfdng ting dang: 


dXi = ai (/) X L dt. 


(5.12) 
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Ta goi lcJi giai cua phudng trinh (5.12), thoa man dieu kien dan Xq = 1 la ldi 
giai cd ban va ky hieu la 4> t . D6 thay; 


<j>t = exp / ai (a) ds . 

Jo 


Ap dung cong th\jfc ltd cho ham g (t.x) = (p t 2 ;. Y t — g (t,X L ) — 4> t 1 X t , 


°f) ( i —1 \ d 9 1 — i d 2 9 n 

= (*« ) x 'Tx * 1 ’ w = °’ 


ta co: 


dY ( = 

- + (j>- x [( fll (t)X t - cl- 2 (t)) dt + . (5.13) 

Mat khac (<ji)J" 1 ) / = — 0 i “ 1 a 1 (t) thay vao (5.13) ta dude: 

dY t = ~(f>i l a x (t) X t dt + [(ai (t) X t + a 2 (t)) dt + b 2 (t) dB t ] 

^ dYt — cxq (t) 4>t ^dt T b‘2 (^) (f)^ ^dH 1 

<=> Y t - Yq+ f (12 (s) (j> s l ds + f b 2 (s) (j> s l dB s 

Jo Jo 

<^(p t l Xt = f a 2 (s) d> 3 [ ds 4- f b 2 (s)d> s 1 dB s . 

Jo Jo 


VI = 1 ncn 


X t - <j> t \x Q -f [ a 2 (s)^; l d 5 +[ l >2 (5) 0, L d/J (5.14) 

la lfti giai cua phudng trinh tuyin tinh theo nghTa hep (5.11) . 

VI du 5.1.4. Xet phudng trinh vi phan co d^ng: 


dX t = —aX t dt A bdB t 

trong do a, b la cac h^ng so, phlfdng trinh nay goi la phudng trinh Langevin. 
Giai: Day la phudng trinh vi phan ngau nhien tuyen liiih dang (5.11) vdi 
ai (£) = —a } a 2 (t) = 0, b 2 (t) = b . Vay theo cong thufc (5.14) ldi giai cd ban la: 

(f>t - exp (-at ), 
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vk ldi giai tdng quat: 


X t = e~ at Xo + e 


-/ 


e as bdB 3 . 


Bay gid ldi dung c&ch giai hai dang phudng trinh d3c biet da trinh bay 6 
tren, ta xay dung phudng phap giai phudng trinh (5.5) trong trudng hop tong 
quat nhu sau: 

Xet ckc phudng trinh: 


dV t = fl! (t) V t dt + b\ (t) V t dB t , 
dU t = a(t)dt + p(t) dB t . 


Ldi giai cd ban cua phudng trinh (5.15) la: 


Vt = <Pt = exp 


a i(s) - 


bUs) 


V o 


ds + 


[ t bi(s)dB s . 
Jo 


Ta tim nghi?m cua phudng trinh (5.5) d^ng X t = VtU t . Ta c6: 


(5.15) 

(5.16) 


(5.17) 


dX t = V t dUt + U t dV t + dU t dV t 

= V t [a (t) dt + 0 (t) dB t \ + U t [m (t) V t dt + bt (t) V t dBt) + bi (t) 0 (t) V t dt 
= [a (t) V, + oi U t V t + 6i (t) 0 ( t) V t ] dt + [0 (t) V t + &i (t) UtV t ] dB t 
= [oi (t) X, + a (t) V t + 6, (t) 0 (t) V ( ] dt + [6, (t) Xt + 0 (t) V t ] dB t . 

So sanh vdi (5.5) ta c6: 

a (t) V t + b\ (t) 0 (t) V) = a2 (<), (5.18) 

0(t)V t = b?(t). (5.19) 

The V t trong (5.17) vao (5.18) va (5.19) roi giai ta duoc: 

/ a (t) ='a 2 (t) 4>T l - h (t) 

\ 0(t) = b 2 (t)<fi7 1 . 

Thay trd l^i phudng trinh (5.16) roi lay tich phan hai ve ta co: 

Ut = Uo+ f <t> 7 1 [a 2 (s) - 61 (s) 62 (s)] ds + [ ^; 1 6 2 (s) dB, 

Jo Jo 

=> X t = <t> t [x 0 + jf 0; 1 [02 (s) - bi (s) bi (*)] ds + jf ^-*62 («) dB, . 
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Vay ldi giai cua phitdng trinh (5.5) la: 

X t = 4> t X Q + f <p~ l [a 2 (s) - bi (5) b 2 (s)| ds I- f (p~ l b 2 ( s) dB a 
Jo Jo 


(5.20) 


vdi 


(j)t = exp 


a \ («) - ^ 4 ^- ) ds + 


LJo 


fb 1 ( 5 ) 

Jo 




Tren day, chung ta da xay dung dtfdc each giai phitdng trinh vi phan ngau 
nhien tuyen tnih tong quat. Trong thifc te, tiiy thuoc vao tting van dC cu the, 
ta t hit dug g&p mpt so dang phudng trinh vi phan ngiu nhien tuyen tinh sau 
day: 


Phufdng trinh tuyen tinh vdi nhieu cpng tinh 


a, He sd Wrong dSi: Trildng hop thuAn nhAt. 

dX t = -aXtdt + odB t , (5.21) 

trong do: a, <7 la cac hang so. 

Theo each giai phitdng trinh (5.11) vdi (t) = —ot\a 2 (t) = 0; b 2 (t) = o ta 
co ldi giai cua phudng trinh (5.21) la: 

X t = e~ al (x D +a jf e a ‘dB, 

b. He s6 khong dSi: Trudng hop khong thuAn nhAt. 

Xct phudng trinh 



dX t = (aX t + 6) dt + cdB t} 


(5.22) 


trong do: a, 5, c la cac hang so. 

Titdng ti.r each giai phudng trinh (5.11) ta co ldi giai cua phudng trinh 
(5.22) la: 


X t = e 


at 


Xo + — (l — e~ al ) + c f 

a Jo 


3 dB, 
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c, He so bicn doi: 

Xet phaong trinh: 

dX t = |a (t) X t +b (*)] dt + c (t) dB t . 

Day chmh \h phaong trinh (5.11) da giai d phan trade. 
Ldi giai tdng quat la: 


(5.23) 


X t = <p t H- [ (j) a 1 b(s)ds + f 4> s l c(s)dB a 
do Jo 


vdi ldi giai cd ban: 


< p t — exp / a (s) ds. 
Jo 


Vi du 5.1.5. Xet phaong trinh vi phan ngau nhien tuyen tinh vdi nhieu cong 
tinh va vdi cac he so bien doi sau day: 


dX t = 


1 + t 


Xt + ct (i + ty 


dt + ot (1 + £) 2 dBt.y 


trong do a la nipt hang so cho trade. Nhan thiy, day la phaong trinh dang 

(5.23) vdi a(t) = —-—; b(t) = o; (1 H-1) 2 ' c(£) = a(l+t) 2 do do phaong 
1 t 

trinh nay co ldi giai co ban la: 


<t>t - (1 + t) 2 , 


va ldi giai tdng quat: 


Xt — (1 + t) Xq + ot (1 -b £) (Bt 4- 1) . 


Phurdng trinh tuyen tinh vdi nhilu nhan tmh 

a, He sd khong dSi: Trudng hap thu&n nhat. 

dX t = aX t dt + bX t dB t . (5.24) 

Tucmg tu phaong trinh (5.6), phaong trinh (5.24) co ldi giai: 
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Hai dang quail trong nhat thuoc trirdng hpp nay la: 
• Phifdng trmh mu I to: 


dX t = -X t dt + X t dB t , 


vdi ldi giai la: 


X ( = X ofi xp (/?,)- 


• Phitdng trlnh dich chuyen tvr do: 


dX t = X t dB u 


vdi ldi giai la: 

X t = X a exp ■ 

b, Ho so khdng doi: Tntdng hdp khong thuan nhat. 
Xet phitdng trinh: 


dX t - (a.Xt + c) dt + (bX t + d) dB t . 


(5.25) 


Day la phtfdng trinh tuyen tmh otonoin da trinh bay each giai b ph&n trirdc. 
Ldi giai cd ban: 

b 2 ’ 


4>t = exp 


a - — } t + bB t 
£ 


Ldi giai tdng quat: 


x t = 4>t 


Xq +■ (c - bd) / <j> $ x ds + d 


i /%;’ 

./o 


dB, 


c, H<? s<5 bien d<3i: Triidng hap tbuan nh&t. 
Xet phirdng trinh: 


dX t = a(t)X t dt + b{t) X t dB t . 


Phudng trinh nay da co each giai trong muc 5,1.2, non ldi giai la: 



(5.26) 
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d. He s6 bwn ddi: Triidng hpp khong thuAn nhat. 

Xet phitdng trinh: 

dX t — \a (0 X t h- c ( 0 ] dt + [6 ( t ) X t 4- d (i)] dB t . (5.27) 

Phitdng trinh nay da co each giai trong muc 5.1.2, non lbi giai cd ban la: 


<j>t = exp 

Ldi giai tong quat la: 


J‘ (a(s)-^)dfl+ fb{s)dB, . 


X t -4n 


X Q \ f 1 r (s) - b (.s) d (s)] ds + f 4>: l d (s) dB. 
./o J c 


Trong muc nay, cluing ta da xay dung dtfde ldi giai eua plufdng trinh vi 
phan tuyen tinh t6ng quat va he thong ldi giai cua cac Idp phtidng trinh vi 
phan tuyen tmh thtfcmg gap. Xhting phtfdng trinh nay co rit nhicu ting dung 
trong thtic tc\ dac biet la trong tai chmh. Van dc dat ra la ta so giai quyet nhir 
the nao vdi cac phirang trinh vi phan ngau nhicn khong phai tuyen tmh dang 

(lY t = ci(t y Y t )dnrb(t,Yt) dBt> 

Lieu ta co thd dtia v6 dang tuyen tfnh do giai khong? Trong cac muc sau day 
ta sc tra ldi cau hoi do. 

5.1.3 Dtfa mot so phtfcfng trinh phi tuyen v§ tuyen tinh 

Cho mot phucJng trinh vi phan ngau nhien phi tuy£n: 

dY t = a (t, Y t ) dt + b (t, Y t ) dB t . (5.28) 

Ta se rim each difa phitdng trinh ve dang phtfdng trinh vi phan ng&u nhien 
tuyen tinh b&ng each dat X t — U (t, Y t ) trong do U ( t,y ) la ham hai bien. 
dU 

Ndu —— (LyV) 7“ 0 tlii theo dinh ly ham ngtfdc, ton tai mot ham ngUJe dia 

oy 

plufdng y = V (L 3 :) ciia ham x = U [t, y) ttic la vdi x = U ( t . V (t ] x)) thi: 

V^VfaUfay)). 
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Mot ldi giai cua (5.28) khi do co dang: Y t — V (£, X t ) trong do X t cho boi 
(5.5) vdi he so a\ } a- 2 ,b\,b 2 thich hdp nao do. 

Ap dung c6ng thufc Ito cho ham U (t.y) vdi y = Y f , ta co: 

dU (t, Y t ) = l^(t,Y l )dl+^(t,Y t )dYt + ±P(t,Y t )^(t,Y t )dt 

At r Ar r 

= — {t,Y t )dt I — (t,Y t ) [a(t,Y t )dt V b(t,Y t ) dl3 t \ 

= ^(t,v , ,) + a(t,y l )^(t.y l ) + l6 l (t,y l )0(t,y 1 ) dt 


+b(t,Y l )^(t t Y l ]dB i . 


(5.29) 


Muon cho (5.29) trung vdi phtfdng trinh tuyen tinh (5.5) thi ta phai co: 
~ (t, y)+a (t, y) ^ (t, y)+lfc 2 (t, y) (t, y) = ai (t) (/ (t, y)+o 2 (t) (5.30) 


b (t, y) -Qjj = b, (t) U (t,y) + & 2 (t). 


(5.31) 


Vdi mtic do t,6ng quat nay ta khong giai quyet difdc gi them. Vi the ta di 
xet cac trilcmg hpp dac biet. 

Xet trudng hop cti (t) = 0 va bi (t) = 0, khi do til (5.30) va (5.31) vdi 
a (£) = a 2 (t), 0 (t) = b 2 {t) ta co cac cong thufc dong nhat sau: 

m {t ' y) = ~Ty [ a ( *’ y) % {t ' y) + ¥ (fl y) W {t ' y) ] ’ 

iy[ b{t ' y )% {t ' y) Y Q ' 

hit ' y) My {t ' y) + ¥y it ' y) ^ {t ' y) = l3{t) - 

Bay gid ta gia thiet b (t y y ) ^ 0. Khi do khti U va cac dao ham cua U trong 
he thtic tren ta dUdc: 


0(t) — p (t)b (£> y) 


1 db 


b 2 (t.y) dt 




d (a(t,y)\ 1 d 2 b 


dy\b(t t y)J 2 dy 2 


+ - 
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Vi ve trai cua ding thirc nay khong phu thuoc vao y nen sau khi bo p (t) thi 
ve phai khong phu thuoc vao y } do do: 


vdi 


y(t,y) = 


b(t,y) dt 


db, s s d 

(t,y) - b (t, y) — 


a{t,y)\ 1 db 

MVMW 2 dy (t ' V> 


(5.32) 


Do la mot dieu kien dc dita phudng trinh vi phan ngau nhien phi tuyen ve 
phitong trinh vi phan ngau nhien co thi giai diidc diidi dang hien sau: 

dX t = a (t) dt -f- p (t) dB t 

bang mot phcp doi bien x — U {t, y) xac dinh bdi (5.30) va (5.31), trong trtfdng 
li0p nay cae dieu kien dUdc rut gon thanh: 

^ (t, y) + a(t,y)^{t,y) + ifc 2 (t, y) ^ (t, y) = a (t), 


va 

AFT 

b(t,y) — {t,y) = P(t). 
d’J 

Giai ra d6i vdi U (t,y) ta dude: 

U (t, y) = C exp [ 7 (s, y) ds f 1 dz 
Jo Jo b(Uz) 

trong do C la mot hing s6 tuy y. 

5.1.4 Rut gon phutfng trinh vi phan ngiu nhien tuyen 
tinh otondm 

Trong muc nay, van dung each giai quyet da neu d muc tren ta se dua mot 
phtfdng trinh vi phan ngau nhien phi tuyen otonom: 


dY t = a(Y t )dt + b(Y t )dB t 


(5.33) 
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ve phtfdng tr'mh vi phan ngiki nhicn tuycn tinh otonom dang: 

dXt = -h <12) dt r (b]_Xt 62) dBf 

bllng mot phep doi bien X t = U (Yi) hay x = U (y) khdng phu thuoc \ 
gian t. 

Trong triidng hop nay cac he thufc (5.30) va (5.31) co dang: 

, x dU 1,2/ \ d? U t 7 / \ 

a ^ ~dy + 2 b ^ ~(h/> = aiU ^ + 

b(y) ~ biU ( y ) + b 2 . 
dy 

Gia thiet b (y) ^ 0 vii b\ / 0 tlii tir (5.36) suy ra: 

b> 


U (y) = C exp [b\B (y)| - r~ 

o l 


trong do B (y) = 


y ds 


b(s) 


va C hExig so tuy y. 


Thay the biSu there cua (5.37) vao (5.35) ta dUdc: 

(y) + (C exp [b v B (y)]) = a 2 - 


trong do A (y) = 


a (y) 1 db 


b(y) 2 dy 
Dao ham hai ve cua (5.38) ta co: 


dA 

6i—C exp [&iB (y)] + 


M (y) + h? - ^1 


exp[fc,B(y)] = 0. 


Xhan hai ve cua (5.39) vdi b (y) exp [—bB (j/)] ta co: 

5] 


b{y) 


dA 

dy 


+ ^biA (y) -r -b'i - a^j =0. 


(5.34) 
ao thdi 

(5.35) 
(5.3C) 

(5.37) 

(5.38) 

(5.39) 

( 5 , 10 ) 


Dao ham hai v6 cua (5.10) ta dupe: 
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He thufc nay thoa man neu nhu 





- 0 , 


mien la chon dirpe b\ sao cho: 



dy 

Neu b] ^ 0 thi phcp bien doi tliich hop la: 

U {y) ^ C exp [ftj U (y)], (chon b 2 = 0). 
Neu hi = 0 thi til (5.36) ta suy ra; 

U(y)-b 2 B(y) l C. 


(5.42) 


(5.43) 


(5.44) 


Vf du 5.1.6. Xet phiftlng trinh vi phan ngiiu nhicn phi tuyen 
dYt - — ]r exp ( — 2VJ) dt - exp ( Y ( ) dB t . 


(5.45) 


d day a(y) — —— exp(-2y) va b(y) — exp(— y) olio nun: 

A (y) ~ ~\~r - °- 

b (y) 2 dy 


Vay he tilde (5.41) dupe thoa man vdi moi b\. 

Vdi bi — 0 va b 2 — 1 thi do (5.44) ta nlifm thay co mot ldi giai U (y) ci’m 
phtidng trinh (5.36) la: 

U(y) = exp(y). 

Thay U (y) nay vao (5.35) ta di tdi ket qua ci\ ■- a 2 ~ 0. Tfr do ta rn 
X t - U (Yt) ----- exp(Vt) va phirung trinh (5.34) cuoi cung trd thanh: 


dXt — dB t 

rna ldi giai la X L = Bt H- Xq = B t -h exp (Yq). 

Vay phirdng trinh (5.36) co ldi giai la: 

Yt — In [Bt -r exp (Vb)]. 
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5.1.5 Mot so phifdng trinh difa duttc vc dang Stratonovich 

a, Phifdng trinh dang 

dX, = h (X t ) b'(X t ) dl. J- h (X t ) dn t , (5.46) 

trong do h(x) la mot ham kha vi cho trifdc. Phifdng trinh nay co the giai bang 
cae each sau day: 

Cach tint nhat: Day la mot phitcmg trinh otonom 


dX t = a{X t )dt rb{X t )dB t , 

vdi a -- ^bb'ncn co the ap dung phifdng phap doi bien nluf da lieu d inuc 5.1.3. 

2 

Cach thti hai: Dua vao moi lien hi) giura rich phan Ito va rich phan Stratonovich 
ta thay rang phifdng trinh (5.46) co the dua vc phifdng trinh Stratonovich don 
gian dang: 

dX t = b{X t )odB t . (5.47) 

Tich phan tnfc tiep phifdng trinh theo quy tac cua giai rich co dicn thong 
tlnfdng ta difdc nghiem: 


Lrong do y = h(x) — 


Xt = hr l (B t -\ h(X 0 )) y 

du 


(5.48) 


1 


f la mot nguyen hain cua ——-. 

o Mu) b(x) 


Vi du 5.1.7. Xct phifdng trinh 


dX t = -a(a- 1) x‘ “ dt + aX] « dB t . 


Theo each giai phifdng trinh (5.46) vdi b(X t ) — aX t rt , b' (X f .) = (a -■ 1) X t " 
thi tif (5.47) phifdng trinh da cho difdc difa ve pinfdng trinh Stratonovich ddn 
giai sau: 

dX t = aXl~' odB t . (5.19) 

6 day h(x) - f do tif (5.18), phifdng trinh 

Jo b i u ) Jo utz « 

(5.49) co lcJi giai: 
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b > Phuttng trinh c6 dang 

dX t = o b (X,) + h (X t ) 6'(A r ,)| dt + b{X t ) d!3 t , (5.50) 

trong do a la mot h&ng so con 6 (.t) la mot ham kha vi. Dua vao m6i lien 
he gitia rich phan Ito vdi tick phan Stratonovich, phitdng trinh (5.50) tiMng 
dircmg vdi plnrdng trinh Stmtonovieh sail day: 

dX t = ah (X,)dt -t- b (X t ) o dB t (5.51) 

va co th£ nit gon thanh phtfdng trinh: 

dY t = adt + odB, 

nhd mot phtip bien doi Y t = h(X t ) trong do h dupe eho bdi (5.47) . Khi do, 
ttfong tit (5.48) , Idi giai t6ng quat cua (5.51) la 

X t = h~' (at -f B t + h(X 0 )) . 

Vi du 5.1.8. Giai phnong trinh 

dX t = (1 + X,) (1 4- X'?) dt + (1 t- X*) dB t . 

Theo each giai phtfdng trinh (5.50) vdi a — 1, b(X t ) — 1 + Xt,b' (X t ) — 7X t 
thi phifdng trinh da c.lio dirge dtfa ve phudng trinh Stratonovich sail: 

dX t = (1 + Xt) dt + (1 + Xt) o dB t . (5.52) 

, , ,, v r du r x du 

o day h[x) — / ——- = / -- - arc tan x. 

Jo b(u). Jo 1 tu 2 

Nhd phep d6i bien Y t = arctan X t phifdng trinh (5.52) co the rut gon thanh 
phifdng trinh: 

dY t — dt t- o dBi 
<4* Y l = Yq 4 -1 + B t . 

Do do phifdng trinh da oho co ldi giai la: 


X t — tan (t + B t H- arctan Xu ). 
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5*1*6 Phuttng trlnh co the dtfa v£ dang phutafng trinh 
Langevin 

Xet phitdng trinh vi phan ngUu nhien ltd co dang: 


dX t = 


nb(X t )h(X t )^-b(X t )b'(X t ) 


dt + b{Xt)dB t , 


(5.53) 


du ^ , 1 

la mpt nguycn ham cua 


trong do h(x) — . **- , , \ ■ 

Jo b(u) b{x) 

NlicJ phcp dm bien Y t = h(X t ) phtfdng tnnh nay co the dUa v6 phtfdng 

trinl. T ■ ngcvin co carig: 


dY( = (iY t dt — o dB t — c\Y t dt 4 dB t < 


Nhp do tlm dupe lPi giai tong quat eiia plotting trlnh (5.53) . 
Vi dii 5.1*9* Giai phtfdng trlnh 


dXt — - ^sin2AT t 4 ^-sin4X^ dt H- V^cos 2 X t dB t . 
Ta viet phittJng trlnh d dang: 


dX t = 


\Pl cos 2 X t . ~ 7 = t an X t 4 -s/2 cos 2 X t (— , l\f2cosXt sinxA 
\/9 2 V I 


V? 

4-n/ 2 cos 2 X t dB t 


dt 


la mot phuong trlnh co the dtfa ve phuong trlnh Langevin: 


dY t = —Y t dt + s/2 o dB t = ~Y t dt 4- y/2dB ti 

vPi /v — -1; b {X t ) - s/2 cos 2 X t ; h(X t ) = tan X t \ 
b'(X t ) m -2>/2cos X t sin X t . 

Do do, phuong trlnh da cho co ldi giai: 


c" l tan A'o 4- 



Xt = arctan 
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5.1.7 Phu’dng trinh rut gon chicle thuoc dang h6n hefp 

Trong muc nay, ta se nghien cufu mQt vai vl du ve phifdng trinh vi phan ngau 
nhien rut gon d\fdc nhifng kliong thupc ve c&c trif&ng hop da neu d tren. 
a, Phifdng trinh co dich chuycn la mot da thufc bac n. 

Xet phifdng trinh 

dX t = (aX t n + 6X t n ) dt + cXtdD t . (5.54) 

Dung phep doi bien h ( x ) = x 1-n ta eo the difa (5.54) ve mpt phifdng trinh vi 
phan ngau nhien tuyen tinh vdi nhieu nhan tinh. 

That vay, ap dung cong thnfc I to cho ham y = x l ~ n ta c6: 

dY, = 0 + (1 - n) Xr n dX t + 1 (1 - n) (-n) X^~"(?X?dt 

= (1 —n)A 7 n (oA~ t - n + bX t ) dt + cX}- n dD t - n(1 ~ — c?X}~ n dt 
= (1 - n) [a + {bX}~ n )] dt + (1 - n) cX}~ n dB, - * {l ~ c 2 X}~ u dt 

ill 

= (1 - n) a + (ft - Xl~ n dt + ( 1 - n) cX}- n dB t 


dY t = (1 - n) + yb - —j Y t J dt + (1 - n) cY t dD t . 

Day la phifdng trinh vi phan ngau nhien tuyen tinh vdi nhieu nhan tinh, ldi 


Y t =<t>t Y 0 + a(l-n)[ <j) a l ds 

Jo 


f L nc2 \,, (l-n)V 

<>t = cxp l&--^-)(l-n)-Tj- 


t + (1 - n)cD t 


= exp ^6 — ^-) (1 — n) t - ——+(l -n)cB„ 


Trd lai bien X t , ta eo: 


X}- n = <t>, k‘-" + a(l -n) [ <j>:'ds 

Jo 

<=> X t — 0 t ^A'o~ n + a (1 - n) J fc'ds 
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trong do 9 t =■ rxp ^6 — t — cB t . 

Trudng hop n --- 2 ta co phirdng trinh vi phan ngau nhien Vcrhulst: 


Ldi giai: 


dX t - (\X t - X 2 ) dt + ffX,dB t . 


Xq exp t 4- crB t 


1 + Xo exp [((A ~ °4)s + aB,)} da ' 

TrircJng hop n — 3 ta c6 phirdng trinh vi phfm ngS.ii nhien Ginzlmrg-Landau: 


Ltii giai: 


dX t = - X* U + — J X t dt + aX ( dB t . 


X 0 exp (at crB,) 

1 4- 2X 0 J * exp j(2a +■ 2<jB s )} ds 


b, Phufefng trinh co dich chuyin la mot ham mu, 


dX t — [o exp (cX t ) -I- b] dt 4- odB t . (5.57) 

Dimg pliep bien doi ham mu y — h (:r) = exp(— cx) ta se di tdi mot phirdng 
trinh tuyen tmh. 

That vay, ap dung cong thYfc Ito cho ham h (:r) t.a co: 

dY t - 0 - c x exp (-cX*) (IX t 4 - ^c 2 exp {-nX t ) o 2 dt 

= -c x exp (—cX t ) [n exp (rX ( ) 4- 6’j dt 4- odB t o 2 exp (-cX*) 

= —cadt — be ox p (—cA” t ) dt — err exp (—eXt) dZ?* -c 2 cr exp ( — eX*) dt 

— — m 4- 6c 4- ^c 2 ^ 2 ^ exp(—eX() dt — co x exp ( —cX 4 ) dB t 


— m 4 f • 6c 4- -c 2 <r 2 ^ VI d/ — rrr x VJdZV 


Day la mot phirdng trinh vi plian ngau nhien tuyen tmh vdi nhien nlian tmh 
mil ta da cn each giai d imp 5.1.2. Do do, Idi giai rua phirdng trinh la: 


Yt = <!>t Vo - ra f <?« } d,s , 

do 


(5.58) 
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dt = exp 6c + ^c 2 <7 2 ^ — ^c 2 cr 2 ^ ~ c<7 ^ 1 

= exp [—bet - ccrB t ]. 


Tti do, tret lai bien X t ta eo phifdng trlnh (5.58) trfdng difdiig phtldng trlnh: 
exp (—cB t ) — exp | —bet -- coBi \. exp(— cXt) — m / exp [bes — C(7.B s \ds 

Jo 

<=$ —eXf = [—bet — cvBt] H- In exp (—cA5) — ca exp [hes — ccr.B a ] ds 

L Jo 

<=> —cX t — -bet — ccr Bt 


+ In |exp (— cX Q ) 1 — co I exp (cAq ■+ bes - ccr.B s \ dsj j 

r r* ] 

<=> —cXt ~ —bet — errB t — cX o — In 1 - m / exp [cXq -\ bes — v.o. BJ\ ds ! 

Jo 

l r r l 

<=> X t — X Q + bt -\- aBt -In 1 — c.a t exp ,cA 0 -4- bes - err.BA ds . 

c L 7n 

Vay phifdng trinh(5.57) co Idi giai: 

1 [ 

X t = Xn 4- bt 4- crB t -In 1 — ca I exp t cXq -+■ bes — co.B s ' ds . 

c I Jo 


Vi du 5.1.10. Giai phifdng trlnh vi phan sau: 

dX t — exp ( 2X t ) dt + 3 dB t . 

Theo each giai phifdng trlnh (5.57) d tren vdi a = 1, b — 0, c = 2, a = 3 thi 
phifdng trlnh da cho co ldi giai: 

1 r f l 

X t = Xq + 3 B t - - In 1 - 2 exp (2A 0 + 6B,) ds . 

A l Jo 
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5.2 Tinh chat Markov va mot s6 mo hmh tai 
chinh 

5.2.1 Tinh chat Markov 

Gia syI 0 < to < ti da cho va h(y) la mot ham nao do. Ky hieu: 

E* 0 ' 1 [fc(X(h))j 

la ky vong cua h(X (fi)) , X (t 0 ) = x. Bay gift gia suf £ E R da cho va b&t diu 
vdi dicu kien goc: 

X(Q) = t- 

Ta co tinh chat Markov: 

E ta - ( [/i (A" (ti)) \t (to)] =E ta ' x ^[h,(X(U))}. 

Noi cadi khac, ncu ta quail sat. quy dao cua elmyen dong Brown ttir thdi diem 
0 t6i thbi dichn to, va tren cd sd thong tin nay, ta muon tfdc lixgng h (A' (t\)) t 
thi chi co mot thong tin tlnch hdp la X (to) . Tit do, neu hilt dau (5.1) tai thdi 
diem to vdi gia tri X(t G ), ta tinh ditdo gia tri cua h (X (ti)) . 

5*2.2 Mat do chuy€n 

Cho 0 < to < ti, ky hieu: 

p(to,ti\x,y) 

la mat do (theo bien y) cua A(£i), vdi dicu kien X (to) — x. Ta co: 

E ia ' x [/i(A (*i))] = f h(y)p(t Q ,t l \x i y)dy. 

Jr 

Tinh chat Markov noi rang vdi moi 

E <0,{ h (X (ti)) T (t 0 ) = J h(y)p(t 0 ,ti,X (f 0 ) ,y)dy. 

Vi du 5.2.1. Xet phtfdng trinh vi phan ng&u nhien 


dX ( t) ~ adt + dB (t) 
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vdi dicu kion X (to) — x. Vdi 0 < t Q < ti, bien nglu nhien X (ti) co phan phoi 
chuan vdi trung bmh x + a (t\ — t 0 ) va phiidng sai (t i - t Q ), ttic la 


p{to.tuX,y) = 


(y- (x + o(ti -<o ))) 2 
2(ti -to) 


Nhan t.hay rang p phu thnoc vao to va t\ chi qua hieu (t j — <o) cua chung. 


Vi du 5.2.2. 1 a da biet rhng nghiem cua phitdng trinh vi phan ng&u nhien 
dX ( t ) = p.X (t) dt + crX (t) dB (t ), 
vdi dicu kicn d5.u X (£q) — la mot chuycn dong Brown hinh hoc: 


X (t i) = x exp <a(B (t i) - B (to)) H- f /i - -a 2 j (t\ - t 0 ) 


Bicn ngau nhien B (t\) — B (t 0 ) co ham mat do: 
p(t Q ,tux,y)dy = P{X (<0 6 dy} 

- - -— — exp < —-—- log — — (fi — (t i — io) / dy. 

oy v/2tt (fci - to) 1 2 (ti ~ /q) cr 2 [ - r \ 2 / J / 


SiTf dung mat do chuydn va mot chut tmh toan, ngtfbi ta co the tmh tliu hoach 
ky vong tti mot quyen chon mua ki£u An: 

E 1 - 1 [(X (T) - /0 + ] 

= / (y - KY p(to,T;x.y)dy 

■I 0 

~ KN {7JTTI l'" s £ + <■ - •> - jo’ CT - <)]) 


trong do 


W(r,) * 


_I X 2 

e 2 d.r 


e“i l2 dx. 
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Vi the cho ncn: 


IE 0 -* 




= X (t) N 


T -t) _ K j+ |j-^l _ e -M(T-0 E i,X(0 ('/■) _ fly] 


1 


,<t\/T - l 
_ e "uV r -t) K N 


loo 


1 


a\jT - t 


K +ti(T-t)-\-\c 2 {r-t) 
log + n(T-t)~ 1<T 2 (T - t) 


Ldi giAi cua rnot phitdng trinh vi phan ngau nhien bao gib ciing la nipt qua 
1 11 nh Markov. Dieu do dupe khang dinh hoi dinh ly sail day: 


Djnh ly 5.2.1. Gid sii X = (X t ) Id mot qua trinh ngau nhien thoa man 
phuong trinh 

dXt^a&Xfidt + a&XfidBt (5.59) 

trong do cdc he so a(t , x) vd cr(t,x) thoa man cdc dieu kien ton tai vd duy nhcit 
Idi gidi nhu dd neu trong djnh ly (5.1.1). 

Khi do X = (X t ) la mot qua trinh Markov ma xac sudt chuyen ditctc xdc 
dinh h(h: 

p{x,r,t,A) = P{XXt)eA} 

hong do X*(t) la Idi gidi cua phuong trinh (5.59) vdi dieu kien ban dau x lay 
tai mot then diem ban dtiu s < t t ttic Id X A = x; not each khac Xf(t) la Idi gidi 
duy nhfit cua phKdng trinh: 


*;(0 = * + 


f fl(u, X*(u))du + J) a(u, X*(u))dB u . 


Trong thtfc hanh ky thuat toan tai chinh, ngudi ta thtfbng quan tam xcm Idi 
giai cua mot phitdng trinh vi phan ngau nhien nao do co phai la mot martingale 
hay khong. Ta co ket qua quan tTong sail day: 

Dinh ly 5.2.2. Gid sd (AT t ) Id Idi gidi cua phtidng trinh vi phan ngau nhien 

dX = a(t , X)dt -f cr(t, X)dB , 


trong do o(t,x) la lien tyc vd 

E [/ cr 2 (£,X)dtJ < oo. 

Khi do, qua trinh (A'*) Id mot martingale niu vd chi niu do dich chuyen bang 
0, ticc Id a(t t x) = 0. 
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5.2.3 Phifcfng trinh Kolmogorov ngittfc 

Xet phifdng trinh 

dX (t) - a (t X{t))dt + a (t, X (0) dB (t), 

va gia stjT p (to, t\\x, y) la mat do xac suit chuySn. Khi do phtfdng trinh Kol¬ 
mogorov ngUdc la: 

Q Q 1 Qp 

--Q^P{to~t\- x ,y) = a(t o,x) Q^p(to,ti.x,y) + T" 2 (* 0 , 3 :) 

(5.60) 

Cac bien t 0 va x trong (5.60) ditpc goi la bien ngtfdc. 

Trong truting hdp a va a la cac ham cua mot bien p (to , tp, x, y) chi phu 
thuoc vao to va ti qua hicu cua chiing r — t\ - t Q . Thi ta viet p(r;x, y) thay 
cho p[to,t i\ x,y) va phtfdng trinh (5.60) trd thanh: 

d d l 2 d 2 

— p{r\x,y) = a (a?) —p{T\x t y) + ^ {x)—p{r\x,y). 

Vi du 5.2.3. Xet phitdrig trinh: 

dX (t) ~ adt + dB (t ). 


p{r\x } y) = 



exp 
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VI the cho non phitdng trinh I<BE la: 


1 

OPx “Pix = 


a(y-x-ar) 1 ( (y — x — clt)* 

r 2? + 2r 2 


P 


= Pr- 

Vi du 5.2.4. Xet phuong trmh: 

dX (t) = iiX (t) dt + jX (t) dB ( t). 


p(T]x,y) = 


1 


l°g^-(M-^ 2 ]r 


(jyyJ'2'KT | 2rcr 2 
Tit do ta co thS chi ra rang p thoa man phitdng trmh KBE: 

1 


T 2 


Pr = P*Vx + -0 2 X 2 p xx . 


5,2.4 Lien he gitfa tinh toan ngau nhien va KBE 

Xet phitdng trmh: 

dX (t) = aX (t) dt + al (0 dB (t). 

Gia s\jf h(y) la mot ham nao do, ta djnh nghia: 

v (t, x) - E*’ 1 [h (X (T))) 


d do 0 < t < 7\ Khi do: 


v(t,x) = J h (y)p(T — t\ x,y) dy, 
v t (t,x) = - J h(y)pt(T-t,x,y)dy, 

«.(M)= f h (y) Px(T — t\x, y) dy, 

Vxx (t,x) = J h [y)p xx {T - t\x,y) dy. 


(5.61) 
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Vi the cho nen, phircmg trinh KBE suy ra; 

Vt (t, x) + a (i) v x (t, x ) + ler 2 (i) v XI (t, x) 

= J h(y)[-p t (T - t;x,y)}dy 

+ J M y) a(x)p x (T - t;x,y) + hr 2 (x)p IX (T - dy 

- 0 . 

Gia suf (0,£) la mot dieu kien dau cua SDE (5.61), d6 ddn gian, ta ky hieu E 
thay cho E Q ^. 

Dinh ly 5.2.3. Bat ddu vdi X (0) — £, qua trinh v {s,X (s)) thoa man link 
chat Triartingale: 

E[i>(t,X(t)) ^(s)j =v(s,X(s)) 0<s<t<T. 

Chiing minh. Theo tmh chat Markov: 

E [ft (X (T)) (<)] = E‘' x(() [ft (X (T))J = ti (t, X (<)), 

vay 

E[w(t,^(i))|^(*)] = e[e[/>(X(T))|^(«)]]^( s )' 

- e[/i(X(T))|^(s)] 

= E’' x(,) [ft (X (T))] (ti'nh chat Markov) 

= »(aw) ■ 

Dinh ly dupe chting minh. □ 

Theo cong thufc Ito ta cd: 

dv (t,X (£)) = v t dt + v x dX -h l:<J 2 v xx dt\ 
hay dirdi dang tfch phan: 

v(t,X(t)) = u(0,X(0)) + [\v t (u,X{u)) + a{X(u))v x (u,X(u))\du 

Jo 

+lJ‘y 2 (X (u))v zx (u,X(u))]du 
■f f a [X (u)) v x (u, X (u)) dB (u ). 

J o 
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Ta biet r&ng v (t,X (t)) la mpt martingale, vay tich phan 


/' 

Jo 


Vt i av x \ -a v xx 


du 


can phai bang khong vdi moi t. Til do suy ra ham diftli dan tfeh plian bang 
khong, tire Ik: 

1 o 

vt -h av x + -a v xx = 0. 

Vi the, ttr hai phtfdng trinh goc khac nhau, tren cd sd KBE va cong thtic I to, 
ta co cung mot ket luan. 


Dinh ly 5*2.4. (Feynman-Kac). Ddt 

v(t,x) = E l ' I \h(X(T))\, 0 <<<T, 


t.rong do; 


Khi do ta co: 


va 


dX {t) - aX (t) dt + dX (t) dB (t ). 
v t (*, x) + av x (t, x) + ]j 0 2 v xx (t, x) — 0 
v (T, x) = h (x ). 


Phiidng trinh Black-Scholes la mot trirdng hdp d£c biet cua dinh ly nay 
(chung ta se chi ra trong muc sau). 

Chu y 5.2.1* (Dao ham cua KBE). Ta co the sd dung cong thde ltd de 
chdng minh Dinh ly Feynman-Kac, va sd dung djnh ly nay de suy ra KBE. 


5.2.5 Mo hinh Black-Scholes 

Xet phtfdng trinh vi phan ngau nhien: 

dS (t) — fiS (£) dt 4- oS (t) dB ( t). 


Vdi dieu kien dau 


S (t) = x, 
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nglriem cua phtfdng trinh la: 


S (u) ~ xcxp |cr (B (u) - B (£)) -}- ( u ~ 0 j > u > t. 


v(t,x) = E^ x [h(S(r))\ 


E h f xexp U (B { T) - B (t)) + U - ~a 2 )(T - t) 


trong do h la mot ham sc dime chi ra sau. 

Theo bo de ve sii doc lap, ta da biet: Ncu Q la mot cr-tnfdng, X la G-do 
dime, va Y dor lap doi vdi Q, till 


E h(X s Y) G = 7 m, 


trong do 

y(x)=E[h(x ) Y)). 

V61 chuycn dong Brown hinli hoc. 0 < t < T, ta co: 


S(t) = S (0)exp<aB(t) - i p - -a 


S(T) = jS(0)expaB(T) + ( p- -a \ t 


T{t)- do dityn ' 1 


S(t) exp^(B(T) -B(t)) + I fi- -a J (T - t) 


dgc l$j) vdi ^{<) 


VI th6 ta co: 


trong do 


S(T) = XY, 


X = S(t), 


Y — exp < a (B (T) - B (t)) + U --<r') (T - t) 
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Bay gift 


Bo de ve sir doc lap suy ra: 


E [h {xY)} = v (t,x). 


E[A(5(T))|^(t)j = E[h(X,Y)\F{t) 
- v(t.X) 


v(t,S(t)). 


Vay ta da chi ra r&ng: 


v (t, S (<)) = E [h (S (T)) | f(t) J * 0 < t < r. 

Nhan thay rang, ky vong dieu ki^n cua bien ngau rihicn h(S (T)) khong phu 
thuoc vao t. Do do, t'Cf tinh chat thap suy ra v (t, S (t)) la mot martingale. V6i 
0 < s < t < T, ta co: 

e[u(«,S(0)|.F(*)] = E [e \h(S (T)) ^(t)| X(s) 

= E[^(5(T))|^( S )' 

= t>(s,S(s)). 

Day la mot tritdng hdp dac biet cua Dinh ly Feynman-Kac. 

Vi i' (2, S (t)) la mot martingale, tong cuacac so hang chtiadi trong dv (t, S (£)) 
can phai b&ng 0. Theo cong thi'rc I to: 


dv (£, S (t)) = |v* (t, S (t)) dt + [iS (t) v x (t, S (t)) 4- -a S 2 (t) v xx (i, S (t))J dt 
+ ffS(t)v z {t i S{t))dB(t). 

Dieu nay dua den phitdiig trinh: 

ik ( t , x) + fixv x (t, x) 4- ^a 1 x 2 v xx (t, x) = 0, 0 < t < T, x > 0. 

Day la mot trudiig hdp d&c biet cua Dinh ly Feynman-Kac. 

Theo phtidng trinh vi phan dao ham rieng d tren, ta co dieu kien gidi han 


v (T, x) = h(x ), x > 0. 
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Hdn nira, ncu S (t) = 0 vdi t € [0, T\ nao do, thi S ( T ) = 0. Dieu nay cho ta 
dieu kign hi chan 

ir (t, 0) =h(0)> 0 <t<T. 

Cuoi ciing. ta nhan thiy rang gia trj tai thcJi dmm t cua muc tieu ngau nhien 
h{S(T))\k: 

u(t,x) = g-^T-OE t'*[h{S(T))\ 

= e~^ T ~ i ' l v (t, x) 

tai thdi diem t neu S (t) = x. Vi the cho ncn: 

v (t,x) ~ e ( ^ r ~^u(t,x ), 

V t (t, x) = —C^ T ~ i) U (t, x) + (J, x) , 

n x (^,x) = c' l{T_t) tt x (< l x) l 
(£,x) = e^ T ~ i] u xx (t,x). 

Them cong thtfr nay vao pliildng tnnh dao ham rieng vdi v va bo e^ T ~ t ' > xuat 
hign trong moi so hang, tathu dinjc phuctng trinh dao ham rieng Black-Scholes: 

— fiu (t, x) + u t ( t , x) + pxu x ( t , x) + ^a 2 x 2 n xx (t, x) = 0, 0 < t < T, x > 0. 


DSy cliinh la philang trinh dao ham rieng Black-Scholes da neu trong muc 
4.2.5. 

Trong can s6 hang ciia mat do chnyen 


p(t,T\x,y) = 


y 


1 2 


log-- \i--y (T-t) 


(T-t) \ 2 (T-i)cr 2 

vdi chuydn dong Brown hinh hoc (xem vi dv.i 5.2.2), ta co bieu dicn ngau nhidn 
u(t,x) = e “e(T-t) E t.x i/- t (5(T))| 




f h(y)p(t,T\x,y)dy. 
J 0 


Trong tnrdng hpp cua mot quyen chgn mua: 

Hy) = (y~K) + 
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va 

»(M) = xN^-^L=^o g ~+^(T-t)+ l -a 2 (T-t)^ 

-e^ T -"KN ^ g ^j— log|: + /i(T-i)- ^ (T - i) 

Ngay ca neu A (y) la ham nao do khac (chang hail h(y) = (K — t/) + . vdi 
mot quycn chon ban), ii(t,x) van dUdc cho bcii phtfdng trinh dao ham rieng 
Black-Scholcs nhan diror ci iron. 



5.2.6 Mo hinh Black-Scholcs vdi do bien dong gia doc 
lap 

Xct mo hinh: 

dS (t) = fiS (t)dt + (IS (t) dB (t) > 
v(t y x) - [(S(T) - K) + } . 

Dinh ly Feymnari-Kac suy ra rang: 

—/iu (t } x) + v t (f, 2 ) H- nxv x (t, 2 ) + i<7 2 rc 2 u M (£, 2 ) = 0, 0 < £ < T, 2 > 0. 

v cung thoa man dieu kien cuoi: 

v(T,x) = {x- K) + , x >0, 

va dieu kien bj ch&n: 

v(t % 0) = 0, 0 <t<T. 

Mot vf du la qua trinh cho bdi Cox (1975): 

dS (t) = fiS (t) dt. + ijS 6 (t)d(B (i)) ,■ 0 < t < T, 


trnng d6 0 < <S < 1. Do bien dong aS 6 ! (t) giara khi gia c6 phi@u t&ng. Bi@u 
dien cua pbUdng trinh Black-Scholes la: 

—rv + ^ + rxv x + -a 2 x 2S v xx = 0, 0 < t < T, x > 0; 

z 

v(t,0) = 0, 0 <t <T 

v (T, x) = (x - K) + , x > 0. 
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5.3 Phifdng trinh vi phan ngau nhien nhi§u 
chieu 


\hieu bai loan trong tai chfnh dua den vice giai cac phudng trinh vi phan 
ngau nhien dang vectd: 

dX t — hdt + fdB t , (5.62) 

trong do X t = ( X /, X? ,JV t n ) T , B t - (B t \ B B i m ) r . M, N la cac ma tran 



( h , \ 


( fn 

fn ■ 

• Am \ 

h - 

h-2 

. /= 

/21 

Iti ■ 

• ‘ f'lm 


\ h n y 


V Ut 

fra - 

fnm J 


Phucng trinh (5.62) luon co the viet dudi dang mpt he phudng trinh vi phan: 

dX i = h\dt + f\\dB\ + fndB j 2 -t- fi m dB™ 

< dX 2 = h 2 dt + /21 dB\ + f22dB? + ...f 2rn dB™ 

[ dX n ~ h n dt -h /nidB/ + f^dBf + ...f nrn dB™ 

Trong pham vi cua giao trinh nay, chung toi chi gidi thieu mot so phudng trinh 
vi phan ngftu nhien vecto dang dan gian it nhieu eo dug dung trong tai ehiuh. 
De giai cac phudng trinh nay chung ta su dung cong tlidc ltd nhieu chieu hoac 
sir dung cac bien doi dai so dua he da cho ve he cac phudng trinh mot an so de 
ttf do rd tlie ap dung car phudng phap giai phudng trinh vi phan ngau nhien 
mot chieu da bi£t. 


Vi du 5.3.1. Giai phudng trinh vi phan ngau nhien: 


dX i 

dX 2 


1 

2 


X 2 


dt 4- 


*1 

* 2 


dB t) 


trong do {X 1 -X 2 ) = (X l (t)' t X 2 {t)) i t> 0, (X, (0); X 2 (0)) = (1; 0). 
Giai: Ta vi£t lai phudng trinh da cho dudi dang lie phudng trinh: 

! dX 1 = -X 2 dt + X\dB t 
dX 2 = Xidt + X 2 dB t 



Co sd loan tai cbjhh 


190 


Tit do ta co he pliUdng trinh tUdng duong: 

\ d(X ! + X 2 ) - + Xi)dt ^ (X L + X 2 )dO t 

jd(X, - Xl) = -i(X, - X 2 )dt - (X! - X 2 )dB, 

M6i phudng trinh cua he co dang (5.6) nen nghiem t6ng quat cua he la: 

\X 1 + X 2 = (X\ (0) + X 2 (0))exp(B £ ) = cxp(B £ ) 

|Xi - X 2 = (A'i(O) - X 2 (0))exp(-t + B*) = exp(-£ + B*) 

TCf do suy ra I5i giai cua phifdng trmh da cho la: 

j*i(0 = 1 cxp(B ( ) (1 H-cxp(-t)) 

1 ^ 2(0 = -cxp(B,)(l -cxp(-f)). 

Vi du 5-3.2. Giai phifdng trinh vi phan ngau nhien: 


1 -1 

PL cl 

* >c 

to 1- 

= 

1 

-X* _ 

dt + 

of 

1_1 

dB t , 

' *.(0) 1 
. Xi(0) J 

' 0 ■ 
_ 0 


Giai: Ta viet lai phudng trinh da cho ditdi dang he phudng tnnh: 

I dXi = dt 

\dX 2 = -X 2 dt + e~ x 'dB t 

Tich phan phudng trinh thuf nhat cua he ta co: 

X l (t) = t. 

Tliay vao phudng trinh thtf hai ta co: 

dX 2 = -X 2 dt + e~ l dB t . 


Day la phudng trinh vi phan ngau nhien tuycn tinh dang (5.11) nen ldi giai la: 


X 2 (t) = *“ 


X 


s(0) + f e~ a e*dB s 
J n 




Tit do ta co Ifci giai cua phudng trinh da cho. 
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Vi du 5.3.3. Giai phtfdng trinh vi phan ngau nhien: 


dXi 

dX 2 


dt ~b 


1 0 
0 Xi 


dB i 

dB 2 ’ 


trong do (X L (0); X 2 (0)) = (0; 0); (Xi;X 2 ) = (^Ti(t); * 2 (t)), va chuycn dong 

Brown hai chi6u (By \B 2 ) = (J3i(t); U 2 (t)), * > 0. 

Giai: Ta viet lai phufdng trinh da cho ditdi dang he phtfdng trinh: 


dX\ — dt -\- dB\ 
dX 2 = dt + .X\ dZ?2 


PhUdrig trinh thijf nhat cua he co dang (5.11) nen de thay nghiem cua phtfdng 
tnnh nay la: 

x 1 (t) = t + B l (ty 

Thay vao phtfdng trinh tbir hai ta dtfdc: 


dX 2 — dt -+* {t + B{)dB 2 . 

'Pirh phan hai ve ta dtfdc nghiem cua phtfdng trinh nay la: 

X 2 (t) = t- f (s^B l (s))dB 2 (s). 

J Q 


Tit do suy ra ldi giai cua phtfdng trinh da cho. 

Vi du 5.3.4. Giai phtfdng trinh vi phan ngau nhicn: 


dXi 

dX 2 


dt 4- 


t 0 
1 2 1 


dB j 
dB 2 


trong do (Xi(0); X 2 (0)) = (0; 0); [Xi\X 2 ) = (X 1 (t)\X 2 (t)), vh chuyen dong 

Brown hai chicu (Bi \ B 2 ) — (Bi(t)\ B 2 (t )), t > 0. 

Giai: Ta viet lai phudng trinh da cho dtfdi dang lie phtfdng trinh: 

j dX\ — dt -f- tdB\ 

1 dX 2 =dt + dB\ + 2 tdB 2 


Tich phan phtfdng trinh thrif nhat cua he ta co: 
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Siif dung cong thuc tich phan tifng phan ta co: 

Xi (t) — t + tB\{t) - f B x (s)ds. 

Jo 

Ttfdng tu vdi phudng trinh thu hai ta co: 

X 2 {t) = t + B [ (t) + [ 2sdB 2 {s) 

Jo 

— t + B\(t) + 2tB2{t) — 2 f B 2 (s)ds. 

Jo 

Tit do suy ra ldi giai cua phudng trinh da cho La: 

fXi(t) = t~ tBj(t) - f* Bi(s)ds 
i -^ 2 (0 ~ ^ ~t“ (t) 4 " 2t B't (£) — 2 J~q B 2 {s'jcls. 


5.4 Mo phong nghu nhien 

5.4.1 Mo phong cac qua trinh nglu nhien 

Trong phan tich tai chinh, ta thudng g^p nhu c£Lu phai mo phong cac qua trinh 
ngau nhien nhu: gia St trong mo hinh Black-Scholes, ty gia cua mot ngoai te 
so vdi dong Viet nam, ldi suat cua danh muc dau tu,... tit do co thd du doan 
xu hudng dien bien cua qua trinh trong tUdng lai cung nhu danh gia dude do 
bien dong cua cac qua trinh nay. Trong muc nay, chung ta xern xet mot so 
pliUdng phap so mo phong cac qua trinh ngau nhien* tti do xay dung thuat. 
loan mo phong cac qua trinh tai chfnh thudng g&p. Do nam duqc phan nay, 
ngudi hoc can co hieu bi6t ve phudng phap Euler, phudng phap Monte Carlo 
vdi pliUdng trinh vi phan tat dinh (xom cac tai lieu (2], [10]) va mot so khai 
mem v£ ly thuyet xac suat va qua trinh ngau nhien. Do khuon kho cua giao 
trinh lien d day chi gidi thieu mot so phudng phap ddn gian mo phong ehuyen 
dong Brown, mo phong cac phudng trinh vi phan ngau nhien va mot so chUdng 
trinh MATLAB ddn gian mo ta cac phUdng phap do. NgUdi hoc co the tim 
hidu sau hdn ve mo phong ngau nhien qua cac nghien cufu cua Desmond J. 
High am trong tai lieu [2]. 
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5.4.2 Mo phong chuyen dong Brown 

Xhit ta da biet, mot chuyen dong Brown tieu chuan, hoac mot qua trinh Wiener 
tieu chu&n tren ’0, T] la mot bi6n ngau nhien W{t) lien tuc theo t tren [0, T) 
va thoa man ba dieu kien: 

1. VV(0) — 0 (v<3i xac suit 1). 

2. Vdi 0 < s < t < T so gia W(t) - W(s) la bien ngau nhicn co phan phoi 
chuin vdi ky vong 0 va phifdng sai t — s. 

3. Vdi 0 < s < t < u < v <T cac s6 gia W(t) - W(s) va W(v) - W(u) la 
cac bien ngiu nhien doc lap. 

Do mo phong chuyen dong Brown (W f ) i>0 ngUbi ta thudng dung cac phirdng 
phap sau: 

Pinion g phtip 1; 

Cho (Xi)^> 0 la mot day bien ngau nhien doc lap va cung phan bo bdi luat 

P (X, = 1) = P(X t = -1) = 1 => E (X t ) = 0, E (X?) = 1. 

Dat. S n = X[ 4-... 4 X n . Klii do ta co th£ “xip xi” chuySn dong Brown (l 
bdi qua trinh (XJ 1 )^ trong do 

X? = 4=5'|nlU 
yn 

vdi [x] la phan nguycn cuax. 

P hitting phtip 2: 

Cho {gi )^o la mot day bien ngiu nhien chuin quy tam doc lap, neu At > 0 
va neu ta dftt 

5 o = 0 

n-fl — S n = g n 

Khi do luat phan b6 cua (^\^AtSo } s/AtSi ,cung la luat cua 

(W 0 ,W At ,W 2At ,...,W nAt ). 

Ta o6 the xip xi chuyen dong Brown bdi: 

t 

A t 

X? = sfteSv t n = v/A t 9i 

At 
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De minh hoa, sau day chung ta sue dung phucmg phap 2 do mo phong mot 
chuyon dong Brown. Dat St = T/N vdi so nguyen dudng N nan do va ky hieu 
Wj thay cho W(tj) vdi tj = jSt. Tvf dieu kien 1 ta co Wq = 0 vdi xac suit 
1, dieu kien 2 va 3 cho thiy ring Wj = Wj -1 + dWj,j = 1,2,..., N, trong 
do moi dWj la mot bicn ngau nhien doc lap co dang \/5iN( 0,1). Thuat toan 
MATLAB sau day cho ta mot each mo phong quy dao mau cua chuythi dong 
Brown. 

Vi du 5.4.1. Mo phong quy dao chuyen dong Brown (M-file brown) .m). 
randn('5tate’,l00) % dat trang thai cua randn 
T = 1; N — 5 0; dt = T/N; 
dW = zeros(l,N); % khdi tao mang ... 

W = zeros(l.N); 

dW(l) = sqrt(dt) + randn; % vong lap dau tien ... 

W(l) = dW(l); % vi B r (0) = 0 khong di/dc phep 
for j — 2: N 

dW(j) = sqrt(dt)*randn; % so gia tong quat 

W(j) = W(j-1) + dW(j); 

end 

plot([0:dt:T] > [0 1 W] ( , r-‘) % ve W dua vao t 
xlabel( , t‘ 1 ’FontSize , ,16) 
ylabel^W^y.’FontSize'.lb,'Rotation',0) 

Thuat toan trong M-file brownl.m d tren mo phong chuyen dong Brown 
rbi rac tren [0,1] vdi N = 500. 0 day. ta suf dung thu tuc randn do sinh so 
ngS.ii nhien, moi lan goi thu tuc randn cho mot so “gia ngau nhien’' doc lap 
[St biin ngau nhien co phan phoi N( 0, 1), MATLAB cho phep dat trang thai 
ban dau sinh so ngau nhien, ch&ng ban, ta d&t trang thai la 100 vdi cau lenh 
randn('state',100). Co the thiet lap cac mo phong khac bang each dat lai trang 
thai, ch&ng han, randn(’state',200). Cac so dude sinh ra tit thu tuc randn vdi ty 
lo \fSt va dude sii dung nhu cac so gia trong vong lap ma tao ra mang 1-N cua 
W. Chu y ring MATLAB bat dau mang t£r chi' so 1 chur khong phai chi so 0. Do 
do, chung ta tmh W nhu VT(1), W( 2),..., W(N) vasu dung plot([0:dt;T],[0,W]) 
do co gia tri ban dau 1T(0) =0 trong hinh ve. Hinh 5.1 cho ket qua cua thuat 
toan tren; chu y ring de de hinh dung, cac diem rdi rac dude noi lien bdi cac 
doan thing. Chung ta se coi mang W dude tao bdi thuat toan trong brcronl.m 
nhu mot quy dao chuyen dong Brown refi rac. 

Chung ta co the th\fc hi<?n cac tmh toan tudng tu mot each hicu qua hdn 
bing each thay the vong lap vdi mtic do cao hdn bang cac lenh kL vectd” nhu 
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Hlnh 5.1: Rcri rac hoa quy dao chuyen dong Brown tif brownl.m va brown2.m. 

trong thuat tohn brown2.m dtfdi day. 0 day ta cung cap 2 doi so cho to&n tti 
sinh so ngau nhien: randn(l.N) tpo mpt mang 1-N tCf cac mau N( 0,1) doc lap. 
Ham cpng don cumsum cong t6ng cua cac doi so cua no, do vay phan tuf thii 
j cua mang (1,N) cua W lh: dW{ 1) + d\V{2) + ... + dW(j). 

Vf du 5.4.2. Mo phong quy dpo Brown: vectd (M-file brown2.m) 

randn('state’,100) % d5t trang thai cua randn 

T = 1; N = 5 0; dt = T/N; 

dW = sqrt(dt)*randn(l,N); % cic so gia 

W = cumsum(dW); % tong cpng don 

plot([0:dt:T],[0,W],V) % ve W 

xlabelCt'.'FontSize'.lG) 

ylabel(’W(t) , I , FontSize',16,’Rotation',0) 

Trong hinh 5.1, m&c dii u(\V(t)) khong trdn doc theo quy dao goc, trung 
binh mau cua no xuat hien \h trdn. Dieu nay c6 the thiet lap gia tri ky vong 
u(W(t)) trd l^Li vdi exp(9t/S). Thuat toan trong brownS.m sau day khang dinh 
si; khac nhau tren cac ban ghi tren 16n nhat gitia trung binh mau va gia tri ky 
vpng clnnh xac tren tat ca cac diem tj. Chung ta thay rang averr = 0.0504. 
So cac quy dao mau tang dan tdi 4000 vdi gia so 0.0268. 
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Hinh 5.2: Him u(W(t)) lay trung binh tren 1000 quy dao chuyen dong Brown 
rdi rac vi dpc theo 5 quy dao d&c bipt. 

Vi du 5.4.3. Him dpc theo mpt quy dpo Brown (M-file brownS.m) 
randn(’state'.lOO) % D|t trang thii cua randn 
T = 1; N = 5 0; dt = T/N; t = [dt:dt:l]; 

M = 1000; % mo phong M quy dao 

dW = sqrt(dt)*randn(M,N); % cSc s6 gia 
W = cumsum(dW,2); % tong cong don 
U = exp(repmat(t,[M 1]) + 0.5*W); 

Umean = mean(U); 

plot([0,t],[l,Umean],’b 7 ’), hold on % ve trung binh cua M quy dao 
plot([0,t],[ones(5 f l) 1 U(l:5 1 :)] l , r- , ) # hold off % ve 5 quy dao ca bipt 
xlabelCt’.'FontSize'.lb) 

ylabel(’U(t)’ f ’FontSize',16,’Rotation’,0 1 ’HorizontalAlignment' 1 , right’) 
legend(’mean of 1000 paths','5 individual paths’,2) 
averr = norm((Umean - exp(9*t/8)),'inf’) % sai so mau 

Lrfu y ring, u(W(t)) trong hlnh 5.2 li nghipm cua mpt phuong trinh vi 
phan ngau nhien tuyen tlnh. Trong mot vii umg dung, nghipm dupe yeu cau 
vPi mpt quy dao da cho dupe gpi la quy dao mau hay nghipm manh. O day, 
ta chi quan tam dang thong tin ve gia trj ky vpng cua nghipm ma khong quan 
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tam den mite do you cua sir hoi tu. 

5.4.3 Mo phong tich phan ngau nhien 

Cho ham kha doan h , tich phan j* h{t)dt co th6 xap xi bdi tong Ricmann 

N -1 

-tj), (5.63) 

trong do cac diem rdi rac tj = jdt. Thirc vay, tich phan co thl dinh nghla bdi 

lay gicri han khi dt —► 0 trong (5.63). Mot each titcfng tit, ta xap xi tich phan 
ngau nhien Ito /J h{t)dW(t) bdi tdng dang 

N- 1 

^/i(t,)(W(i j+1 )-ir(<,)), (5.64) 

J=0 

va cich phan ngfiu nhien Stratonovich h(t) odW(t) ditoc xip xi bdi tong 
dang: 

E h (^y^ 1 ) (5.65) 

trong do cac tick phan cua h lay doi vdi chuyen dong Brown. Thuat toan xap 
xi tich phan ng5.u nhien nhir sau: 

Vi du 5.4,4. Xap xi tich phan ngau nhien Ito va tich phan ngau nhien 

Stratonovich (M-file stint.m) 

randn(’state\100) % dat trang thai cua randn 

T = 1; N = 5 0; dt- = T/N; 

dW = sqrt(dt)*randn(l,N); % cac so gia 

W = cumsum(dW); % tong cpng don 

ito = sum([0,W(l:end-l)].*dW) 

strat — sum((0.5*([0.W(l:end-l)]4-W) 4- 0.5*sqrt(dt)*randn(l,N)).*dW) 
itoerr = abs(ito - 0.5*(W(end) A 2-T)) 
straterr = abs(strat - 0.5*W(end) A 2) 

Trong M-file stint.m d tren, chung ta tao mot quy dao chuyen dong Brown 
tren [0, l] vdi dt = l/N ~ 1/500 vdi dang tong (5.64) va (5.65) cho trifdng hdp 
h(t) la W{t). Trong do * bi<?u dien phep nhan, [0,W(l:end-l)].*dW bidu diSn 
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Co sd Todrt tai chinh 


mang 1 — N tna s6 hang I to thuf j la W(j-l)*dW(j). Ham sum dupe su dung d6 
\ky tdng, ket qua ito = -0.2674 va sir at = 0.2354. Nhan thay rang, hai “tong 
ngau nhien Ricmann” (5.64) va (5.65) cho cac cau tra ldi khac biet ro r^t. Hdn 
nuta, thUc nghiem vdi dt nho hdn cho thay rang sU phoi hop nay khong cho ket 
qua khi St —► 0. 

Nhu ta da biet, tfc.h phan ngfiu nhien dupe xap xi troug stint.m co the 
danh gia chinh xac nhu sau: 

£w(t)dW(t) = Uv(Tf - ir ; £ W(t) O dW(t) = l -W{T)\ 

Sai so ginfa cac xap xi Ito va va x4p xi Stratonovich trong M-file stint.m so 
vdi cac gia tri chinh xac a trcn la itoerr = 0.0158 va straterr = 0.0186. Tuy 
nhien, khong phai khi nao ta cling co thd tfnh chinh xac tlch phan Ito va tfch 
phan Stratonovich nhu trcn. Do vay, trong thtfc hanh, cac thuat toan xip xi 
tlch phan Ito va tlch phan Stratonovich d trcn thudng dupe sU dung. Trong 
muc sau, chung t.a xap xi nghiem cua mot phudng trinh vi phan ngUu nhien 
dang Ito (trudng hpp SDE co the lam tUdng tu bang each sif dung lien he gitfa 
dang Ito va dang Stratonovich). 

5,4.4 Mo phong nghiem cac phufdng trinh vi phan ngiu 
nhien 

Mpt phudng trinh vi ngau nhien dang: 

dX(t) = f(X(t))dt + g{X{t))d\V{t ), X(0) = X 0 ,0 < t < T, (5.66) 

d do. / va. g la cac ham vo hudng va dicu kien dan X 0 la mot bicn ngau nhien. 
N4u g = 0 va Xq la hang so, till (5.66) trd thanh phUdng trinh vi phan thudng: 

dX(t)/dt = J(X{t )), vdi X(0) = X 0 . 

PhUdng trinh (5.66) co the viet dudi dang tlch phan: 

X(t) = XQ+ [ f(X(s))ds + f g{X{s))d\V(s) > X(0)^X (] ,0<t<T. 

Jo Jo 

(5 : 67) 

Tlch phan thuf hai trong v4 pliai cua (5.67) la mot tlch phan Ito. Vdi mdi t , 
nghiem X(t) la mpt bien ngau nhien. Chung ta xay dung mot phudng phap 
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so de giai (5.67) sao cho khi ta lay dudng kmh cua cac phan hoach dan tdi 0 
ta thu dime X(t). 

De ap dung mot phudng phap so cho (4.2) tren [0, T], trude tien ta rdi rac 
hoa khoang thefi gian. Gia suf A£ = T/L vdi s6 nguyen dudng L nao do, va 
tj = jAt. Xap xi so cua X(tj) se dude ky hieu la Xj. Phudng phap Euler- 
Mamvama (EM) xar dinh nhir sau: 

= Xj-t + /(Xj-OA t + - W(tj-i)) t j = 1,2, L. (5.68) 

Cong thufc nay thu dude tir vice xap xi cac so hang tuong img trong v6 phai 
cua (5.67): 

X(tj) - X(t,-i) + f(X(s))ds + 

dlj 1 

Dg dang nhan thAy, trong trudng hdp tat dinh (g ~ 0 va X o la hang so), (5.68) 
trd thanh phudng phap Euler vdi phudng trinh vi phan thudng. 

(X(tj)) t ^ Q xap xi (X(t))^ 0 theo nghia sau: 

Dinh ly 5.4.1. Vdi moi T > 0 : 

E sup |X(i.,) - X(t)| 2 < Ct.AT, 

t<T 

trong do Ct la hhng so phu thuoc vao T. 

0 day, luat phan bo cua ho t ) dong nhat vdi luat cua ho 

cac bicn ng&u nhien chu&n quy tam vdi phudng sai At. Ta su dung quy dao 
chuyen dong Brown rdi rac de sinh cac so gia W(tj) — W(tj- 1 ) c&n trong (5.68). 
De thuan tien, ta lunn chon do dai At la mot boi so nguyen cua so gia dt vdi 
quy dao chuyen dong Brown. Ta cung co the tliay the — Wj&t) hdi 

gj\/Ai trong do (gj)j >0 la ho cac bien ngau nhien chu&n quy tam doc lap (xem 
tai lieu (4). [10]). 

D6 minh hoa. ta so suf dung phudng phap EM cho phuong trinh vi phan 
ngau nhicn tuy6n tlnh: 

dX(t) =■- pX(t)dt + aX{t)d\V{t),X(0) = X 0 , (5.69) 

trong do p va a la cac hang so thuc. Day la trUdng hdp rieng cua (5.66) vdi 
f(X) = pX vhg(X) = aX. Phudng trinh vi phan ngau nhien nay co nhidu tfng 
dung, ch&ng han, de mo ta gia tai sail trong tai clhnh (mo hinli Black-Scholes). 
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C a sd Toan tai ch inh 

Vi du 5.4.5* Phifdng phap Euler-Maruyama veil SDE tuydn tmh (M-file 
em.rn) 

randn(‘state\100) 

mu = 2; si = 1; Xzero = 1; % cac tham so cua bai toin 

T = 1; N = 2 A 8; dt = 1/N; 
dW = sqrt(dt)*rar\dn(l p N); % cac so gia Brown 
W = cumsum(dW); % r&i rac hoa quy dao Brownh 
Xtrue = Xzero*exp((mu-0.5*si A 2)*([dt:dt:T])-|-5i*W); 
plotQOidtiTJ.fXzero.XtrueJ/m-'), hold on 

R = 4; Dt - R*dt; L = N/R; % cac bi/dc EM vdi khoang c3ch Dt = R*dt 
Xem = zeros(lpL); 

Xtemp = Xzero; 
for j = 1: L 

Wine = sum(dW(R*(j-l)-f l:R*j)); 

Xtemp = Xtemp + Dt*nrm*Xtemp -f si*Xtemp*Winc; 

Xem(j) = Xtemp; 
end 

plotQOiDtiTjptXzero.Xemj.'r-*'), hold off 
xlabel( , t','FontSize\12) 

ylabet(’X’ ,’FontSize’, 16 ,’Rotat ion’ ,0,'HorizontalAlignment', 'right’) 
emerr = abs(Xem(end)-Xtrue(end)) 

Ta da biet r&ng nghiem chinh x4c ciia SDE nay la: 

X(«) = X(0) exp ^/x - ifr 2 ^ t + cW{t) . (5.70) 

Ttong M-file em.m chung ta xet (5.69) vdi /i = 2. c = 1, va Xq = 1 (hang so). 

Ta tmh mot quy da^> Brown rcJi rac tren jO, 1] vdi dt = 2~ 8 va danh gia nghiem 
trong (5.70) la Xtrue . Quy dao nghiem dude cho trong hinh 5.3, d day EM su 
dung mot khoang thdi gian At = Rdt , vdi R — 4. Mot each tong quat, phtfdng 

phap EM (5.68) yeu cau so gia W{t 3 ) — dtfrte cho bdi: 

jR 

W{tj) - W(t J -_ 1 ) = W(jRdt) - W((j - 1 )Rdt) = dW k- 

k—jR—R+l 

Trong em.m ding thric nay cho bdi Wine — sum(dW(R*(j-l)+l:R*j)). Mang 
1-L Xem luti truf nghiem EM, dtfdc ve trong hinh 5.3 nhtf dudng dan hoa tlii. Su 
khac nhau nhau gitia nghiem chinh xac va nghiem xap xi tai diem cuoi t = T, 
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t 


Hinh 5.3: Xghiein dung va x&p xi EM, ti'r cm.m. 

diTdc tmh nhif sai so EM, d day, sai so tim dupe la 0.6907. Lay At = Rdt vdi 
gia tri R nho hdn, ta nhan dude cac sai so cnoi nho hdn. 

5.4.5 Mo phong cac qua trinh tai san trong mo hinh 
Black - Scholes 

Mo hinh Black - Sholes 

Ta da bint, ino hinh Black-Soholcs mn ta gia tai sail S(t) nhif mgt qua trinh 
ngUu nhien phu thupc vao t 

I So- 5(0) 

\ dSt = S t (pdt + rrdW t ), 


trong do: 

- tham so p la ty In tang trtfdrig ky vong cua tai san, 

- tham so a la dp bien dong cua tai san, 

- W t la mot chuydn dong Brown. 

De mo phong tron may tmh, ta can biet each sink ra quy dao rdi rac cua 
tai sail. 

Ciich 1: Phifdng phAp Euler-MAruyamn 
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Gia dinh cho So — S(0), gia S(i t ) tai thfli diem t = t t = iAt co th£ diroc 
sinh tfr cong r hire truy hdi: 


S(u+ 1 ) = S(ti) exp 


(/i — C^)At + o-SKt^ 


trong do la mot mini sinh ra tir mot, so gia ngau nhien co phan phoi chu/in 
A r (0,1) (xcm vi du 5.4.5). 

CAch 2: So dung Idi giai iiien 


St = S 0 exp 



t + (7 


roi mo pining ehuyen dong Brown theo mot trong hai phiMng pliap ueu tren. 

n 

Neii mo phdng ehuyen dong Blown bdi \f&t gi ta dupe: 

i=i 


S 


n 


So exp 



Vi du 5.4.G. Trong MATLAB. chuiig ta co the tinh va ve quy dao nhif sau: 

> T = 1; N — 100; Dt — T/N, mu = 0.1; sigma = 0.3; Szero — 1; 

> Spath — Szero*cumprod(exp((mu-0.5*sigma A 2)*Dt+sigma*sqrt(Dt)*randn(N,l))); 
» plot(Spath) 

1 Hull 5.4 tren chi ra 50 quy dao nhir vav; trong rrioi tnrdng hop cae diem rdi 
rac (t lt S(£,)) dirc.ic noi vdi nhau bdi cac doan tiling. Tai ngay dao hail, t — T, 
gia tai sail la mOl bien ngau nhien vdi ham mat do cho bdi 


ZOO 


} ( -(log (x/So) - (p - ff 2 /2)7') 2 

za^/2nT ' l ‘Iff-T 

0 


vdi x > 0, 
vdi x < 0. 


DO xae thuc dicu nay, hinh tren cho mot bieu do trong do gia euoi cung S(T) 
vdi 10000 quy dao dupe mo ta. Dudng cong mat do dupe mo ta nlitf mot dudng 
dam. 

Cong thufc Black-Scholes 

Do md rong mo hinh gia tai sail dun gian d tren, Black va Scholcs dim ra 
mot so gia tliiet ve thi trifPng. Khi do co the si’jf dung nguyen ly khong co ldi 
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3 1-1-1-1-1-1-1-1-r 



o I _1_I-1-1-1-1-1-1-1_ I 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 

time 



Hinli 5.4: Quy dao gia t&i sail vh bidu do tai thdi diem dao hail 


(“no free lunch”) dd thu dtfde cong thtie dinh gia quyen chQn kieu Au tai thdi 
diem t va vdi gia tai sail S : 

C{S, t) = SN(d\) - Ee- r(T -‘ ) N(d 2 ), 


trong do 


di 


log(5/£) + (r-fla 2 )(T-t) 

<7 yJT - t 


d.2 = d\ — o\jT — t, 


va N(.) 15. ham phan plioi chuin N(0 ,1): 


1 f x » 2 

N(x) = - 4 = / e-~ds. 

s/TH ]- x 


Tham so r trong cong thurc la ty lp lai suit. Neu gia horn nay (time zero) la Sq 
thi cong thurc Black-Scholes cho phi quyen chon li C(5o,0). Ham MATLAB 
bsf.m sau day cho mot phifdng phap thuc hi@n c6ng thurc, qua viec xay difng 
ham sai so erf. 

Vf du 5.4.7. Cong thurc Black-Scholes cho quyen chpn mua kidu Au 
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Hinh 5.5: Bieu dien Black-Scholes cho mQt quyen chQn mua kieu Au 

function C = bsf(S,t,E,r,sigma,T) 
tau = T-t; 
if tau > 0 

dl = (log(S/E) + (r -f- 0.5*sigma A 2)*tau)/(sigma*sqrt(tau)); 
d2 = dl - sigma*sqrt(tau); 

N1 = 0.5*(l+erf(dl/sqrt(2))); 

N2 = 0.5*(l+erf(d2/sqrt(2))); 

C = S*Nl-E*exp(-r*tau)*N2; 
else 

C = max(S-E.O); 
end 

Suf dyng ham tren vcfi mQt so gia trj cho trtfdc cua cac tham so, ta c6: 

» S = 2; t = 0; E = 1; r = 0.05; sigma = 0.25; T = 3; 

» C = bsf(S, t, E, r, sigma, T) 

C =1.1447 

TYong hinh 5.5 ta thay phi Black-Scholes C(S,t ) dtfdc bieu dien nhif nipt 

ham cua S va t. O day. T = 1 va E = 1, de nhan ra r&ng tai thdi diem dao 
han, gia tri quyen chQn giam tdi thu houch max(S — £, 0). Gia trj ban dau 
C(S, 0) dupe tlnh tai gid ban dau S = So. 
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Mar dii bai toan dinh gia quyen chon kiCu Au cd ban co ldi giai ddn gian 
(vdi cac gia thiet Black-Scholcs), nhtfng no rat co y nghla trong viec suf dung 
cac phudng phap so. Mcf rong bai toan nay, ta co the xav dung phudng phap 
so cho cac quven chon ngoai lai ma thu hoach khong chi phu thuqc gia tai san 
tai thcti diem dao han ma con phu thuoc vao xu hudng ciia no trong khoang 
thdi gian [0.T). Ching han, thu hoach co the phu thuoc vao gia tai san lbn 
nhat. nho nhat hoac gia trung bmh. gia ind ciita, gia dong eua hoac co the phu 
thuoc tren gia tai sail cd ban trude inot barrier dude xac dinh, ... 

Chu y 5.4.1. Bdng quan sat, ta co the Uric htting dutic cac tham so p vd cj 
trong mo hinh Black - Sholes, diiu do co nghla la ta ude luting dxttic gia S t eua 
ch'itng khodn. Gia sit, ta ghi nhdn dutic mot so so lieu vi gia chitng khodn trong 
mot khoang thdi gian [0,T] , cu the nhu sau: Chia deu doan [0/1’] thanh n doan 
nho din nhu nhau cd do dai la A t vdi At — U — Vi - i, 2. ...,n. va gia sit 
da biet chi'tng khodn tai thdi diem cuoi £ n *i eua moi khoang nho . Vay 

ta co n P 1 quan sat, 5i,5 „,l. 

Budc 1. Tao ra mot day so lieu: 

Ui = ln($ lfl ) -ln(&), i= 1,2.. (5.71) 

trong do t/u U 2 , ■■■, U n Id mot day so. Nhitng tntdc khi thu thdp sS lieu quan 
sat thi ta cung co the bieu thi cac gid tri cua U{ bdi: 

U t - a- oRt, + (11 - Pj At. (5.72) 


trong do dai luting B ti+l — B ix cd cac tinh chat, sau: 

• t — Bt { la bicn ngdu nhien chudn co ky vong Id 0 va phuting sai Id At. 

• — B i% la cac bum ngdu nhien doc lap. 

Budc 2: Tim trung binh va phuting sai ctla day so lieu: Ui, .... U n , theo edng 
thitc thong ke 

Ti'ung binh man: 


U 


1 

n 


1=1 



Do Id nhunq ude luting cho hung binh va phUting sai ly thuydt cua bicn ngdu 
nhien U dua tren mdu: (U \, U n ). 
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Tic bieu thtic (5.72) ta tinh dude trung bmh va phudng sai cua U la: 
lYung bmh: - y) At, 

Phudng sai: a 2 A t. 

Budc 3, Giai cac phildng trinh sau day doi vdi p vd a: 



S 2 = <7 2 Af. 


Ta thn dude — 


1 

At 



va o — 


S 

VTt 


Vi du 5.4.8. Gia dong ctfa cua co phieu VCG (T6ng cong ty co phan xuat nhap 
khau va xay difng Viet, Nam) trong khoang t.hcJi gian tif ngay 17/08/2010 den 
ngay 05/10/2010 dit(?c thong kc gOm 34 so lieu nhir sau (ddn vi: nghin dong): 


Ngay 

Gia dong cira 

Ng&y 

Gia dong efra 

17/08 

24 , r 

13/09 

26,0 

18/08, 

24,1 

14/09 

26,4 

19/08 

23.4 

15/09 

25,8 

20/08 

22,9 

16/09 

25,5 

23/08 

22,4 

17/09 

27,1 

24/08 

21.0 

20/09 

28,8 

25/08 

19,7 

21/09 

28,2 

26/08 

20,1 

22/09 

27,9 

27/08 

19,8 

23/09 

26,8 

30/08 

21,1 

24/09 

27,0 

31/08 

22,2 

27/09 

27,0 

01/09 

23 t 7 

28/09 

27,3 

06/09 

25,3 

29/09 

26,2 

07/09 

26,8 

30/09 

25,7 

08/09 

26,1 

01/10 

25,5 

09/09 

27,6 

04/10 

24,0 

10/09 

27,6 

05/10 

23,7 


(Nguon: cophieAi68.com) 


Bang cac cong t,litre tren. ta tmh ditdc : 


U - -0,000543897; 
5 = 0,017957614. 
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Tit do, tfdc Itfdng p va a theo tv 16 xich hang liam: A t = —- (mot. n&m 

2t)U 

thudng co khoang 250 phien giao dich), ta co: 


A- = —0,095064808; 


a - -=-- 0,283934816. 

%/A t 

Va do do gia c d phicu rlnrng khoan vao bat ky mot ngay t nao do. co the irdr 
liTOng bdi cong t.hufc: 

S, = So exp jo, 28393481G x D t I- -0,095664803 - 285934816) 

= So exp{0,283934816 x B t + (-0,135974297) t). 

Hay gib. nio phong chaycn dong Brown D t theo each da chi ra b tren ta co the 
da doan dime gia cua co phieu VCG tai mot thbi di6m nao do trong tuoiig lai. 
Doc gia co the thife hien vice nay nhir mot bai tap bang cadi stf dung cong cu 
sinh so ngau nhien (Random Number Generation) trong Excel. 


5.4.6 Phu’dng phap Monte Carlo 

Gia tri quyen chon Black-Scholcs cung co the coi nhu mot thu ho tic h trung 
binh. ro the chiet khiu vdi mot lai suit, vdi dieu kicn trung hoa liii ro p — r. 
X6i each kliac, cluing ta co the mo ta gia tri quyen chon bang each dat p — r 
tiong mo hinh tai sail va tinh thu hoach trung binh tren tit cac cac quy dao 
rai sin Trong time te. ta co the lam dieu nay bang plotting phap mo phong 
Monte Cailo thu hunch tiling binh tren mot so, ldn cac quy dao tai sari. Vdi 
mot quyen chon kieu Au chung ta cm can biet ve gia tai sail tai tlicJi diem dao 
lian, vi vay ta lay At = T trong moi quy dao. Thuat loan mo phong nhil sau: 
for i — 1 to M 
set 5, -=■ S n c iT -i r ’ 2)T+ ' , ' /r l' 
set P, — e _,T max(Sj — £, 0) 
end 

set P mcan - JJ E,=1 a 

set P„ ar = ^ - Pmfau y 
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0 day, Pi la thu hoach t(r quy dao tai san thilf i, dupe chiet khau theo ty lc 
e~ rI tai thdi diem tifclng lai t — T. Gia tri quyen chon trung binh ude lupng 
theo Monte Carlo la P Trtftan , phudng sai dupe tmh la P V(ir . Til do ta co khoang 
tin cay vdi do tin cay 95% cho gia tri quyen chon la: 

i^Pmean ~ 1,96/fWM; Pmean T l.Ofiv'WAf) . 

Vdi M du ldn khoang nay se chda gia tri quyen chon dung vdi 95 tren 100 mo 
phong. 

Trong thu tuc mc.rn sau, ta xay dung mot clufong trinh MATLAB sif dung 
phudng phap Monte Carlo. 0 day chung ta sec dung bp sinh so ngUu nhien va 
cac cau lenh mean va std. 

Vi du 5.4.9. F)inh gia Monte Carlo oho quyen chon mua kieu Au 
S = 2; E = 1; r = 0.05: sigma = 0.25; T = 3; M = le6; 
randn('state\100) 

Svals = S*exp((r-0.5*sigma A 2)*T 4- sigma*sqrt(T)*randn(M,l)); 

Pvals — exp(-r*T)*max(Svals-E,0); 

Pmean = mean(Pvals) 

width = 1.96*std(Pvals)/sqrt(M); 

conf = [Pmean - width, Pmean + width] 

Chay chudng trinh nay, ta thu dupe ket, qua iilnr sau: 

> me 
Pmean = 

1.1453 
conf = 

1 1435 1.1471 

Xhd lai riing cong tliufc Black-Scholes vdi cac tham so nay cho C = 1,1447. 
Trong hinh 5.6, ta chi ra each xap xi Monte Carlo vdi kfch thude mau M, lay 
S = 10, E = 9, r = 0, 06, a = 0,1 va T = 1. Diidng cong cho hinh anh ve xip 
xi Monte Carlo va dudng thing chi khoang tin cay. Gia tri Black-Scholes dupe 
bieu dien hang dudng dam. 

5.4.7 Phu’dng phap nhi phan 

Mo hinh gi£ tai san don gian nhat la mo hinh nhi phan, trong do khoang thdi 
gian [0,7'] dupe rdi rac hoa thanh cac di&n 0 = t D < t\ < ... < t\f — T vdi 
t l = iAt. Cho gia tai san So tai thdi di6m khong, gia s\if ring gia tai thdi diem 
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Call Value Approximation 

Hmh 5.6: Xap xi Monte Carlo va khoang tin cay cho mot quy6n chon mua ki6u 

Au 


ti gi&m xu6ng Ldi dStz hoa c tang tdi uS Q , 0 do d < 1 va u > 1. Khi do tai thdi 
diem 1 2 gia tai san co the giam ho5c rang va nhan cac gia tri rPS'o, duSo va 
u 2 Sq. Tiep tuc nhir vay, sc co i 1 gia tri co thd tai cac thdi diSm t t = iAi, 
ditOc cho bdi: 

Si - <f- n u n S Qy 0 < ?i < i. 

Tai thdi diem dao han, t { = t M = T, co M -f 1 gia tai san co the }^Lo 
Dat {Cjjfy^L 0 biSu dicn luong tlm ho^ch tit mot quyen chon mua ki6u Au tai 
thdi diem dao han, ta bidt rang: 

C™ = msx(Slf - E, 0), 0 < n < M. 

Phitdng phap nhi phan xac dmh thu hoach bang each tfnh ngtfdc theo thdi 
gian. Gia tri quyen chon C\ bieu dien gia tai san S' t tai thdi diem U ditoc tfnh 
nhu trung binh co trong so cua hai gia tai san C va tu thdi diem t i+ i. 
Cong thurc nhil sau: 

C' n = e- rA( (pC£ i + (1 - P )c- +1 ), 0 < t. < i, < 0 < i < M — l. 


0 day, thain s6 p la xac suat gia tai san tang. Cong there cho phep tinh ngLfdc 
ve gia trr quyen chon Cq tai thdi diem ban dau. Cac tham so At,u,d vh, p 
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can dupe chon sao cho mo hinh nhi phan dan tdi mo hinh Black-Scholes khi 
At —> 0. Vdi At co dink ta co hai phitrtng trinh vdi cae tham s6, va nhieu 
nghiem co thl. Mot lua chon lk 

p rAl _ J 

d — A - \JA 2 - 1, u = A + \/A 1 — 1, p —-—, 

u - a 

d do A = 1 (e _rAt + 

De minh hpa. chung ta xay ditng chifdng trinh MATLAB cho mo hmh nhi 
phan, sijf dung phep nhan ma tran. Gia tri quyen chon xap xi W — 1,1448 gan 
vdi gia tri cho bdi cong thirc Black-Scholes d tren C — 1, 1447. 

Vi du 5.4.10. PhtfcJng phap nhi phan cho quyen chpn kidu Au 
S = 2; E = 1; r = 0.05; sigma = 0.25; T — 3; M = 256; 
dt = T/M; A = 0.5*(exp(-r* dt)+exp((r+sigma A 2)*dt)); 
d = A - sqrt(A A 2-l); u = A + sqrt(A A 2-l); 

P = (exp(r*dt)-d)/(u-d); 

% Gia trj quyen chon tai T 
W = max(S*d. A ([M:-l:0] , ).*u. A ([0:M]’)-E l 0); 

B = (l-p)*eye(M~f 1,M -hi) 4- p*diag(ones(M,l) 1 l); 

B = sparse(B); 

% Tmh nguqc de nhan di/dc gia tri quyen chon tai thdi diem ban dau 
for i - 

W - B(l:i,l:i+l)*W; 
end 

W = exp(-r*T)*W; 


Hinh 5.7 chi ra sai so trong xap xi nhi phan nhiX mQt hkn cua M trong 
trifdng hop S = 5, E = 3, T — 1, r = 0,06 va a — 0,3. 'Hinh tren vdi 
100 < M < 300 va hinh dirdi vdi 700 < M < 1000. Ro rang sai so giam khi M 
Idn. Dirdng dam trong hinh co dang “constant/M” - no chi ra sai s6 vdi toe do 
hoi tu nay. 

5.4.8 Mat sai phan hffa han Black-Scholes 

Cong thtic Black-Scholes cho gia trj quyen chon mua kiiu Au d tren la nghiem 
cua mpt pliuong trinh dao ham rieng (PDE). PDE nay la phiidng trinh dang 
parabolic vdi dieu kien dau bi chan Dirichlet. Dat t — T — t ky hieu thdi di§m 
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M 

Hinh 5.7: Sai so trong mo hinh nh| phan nhir mot ham cua M 


dao han, ta co the trd lai vdi mot thdi di§tn ban dau ttf nhien xao dinh. PDE 
khi do co dang: 


dC_ 

dr 


1 , 2 a 2 c 
r s as* 


rS§ + rC0, 


vdi dieu kien dau 


C(S,0)=max(S(0)-£,0) 


va dieu kien bj chan C(0, t) = 0, C(S,r) cz S - Ee~ rT vdi S ldn, tren mien 
5>0va0<r<T. Cat mien 5 thank 0 < S < L vk sii dung mot ludi sai 
phan hufu han { jh, ik} vdi khoang each h, = L/N x va k = T/N t , ta cd the* tfnh 
nghipm rdi rac Vf ~ C(jh,ik). D&t 



la nghiera so tai thdi di§m i, ta cd V° vk cac gi& trf Vq va Vfc vdi moi 1 < i < N t 
thoa man dieu kien bien. Sir dung sai phan ngiroc vdi dao ham theo t va sai 
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phan trung tarn v6i dao ham theo S, ta co phtfdng phap chi tiet: 

'Slzlt _ +rtf . 0 

Phifdng phap nay co the bieu dien dudi dang ma tran nhir sau: 

V i+1 = FV { + p\ vdi 0 < i < N t - 1, 


trong do F € ]^(^x-i)x(Nx-i) vectd 3-chieu va vectd p x 6 R^*” 1 dUdc xac 
dinh bdi dmu kien bicn. ClnTdng trinh MATLAB trong thuat to&n sau minh 
hoa phitdng phap nay. 


Vf du 5.4.11. Mat Black-Scholes cho quyen chpn ki6u Au 
E = 4; sigma — 0.5; r = 0.03; T = 1; 

Nx = 11; Nt - 29; L = 10; k = T/Nt; h = L/Nx; 

T1 = diag{ones(Nx-2,l),l) - diag(ones(Nx-2 p l),-l); 

T2 — -2*eye(Nx-l,Nx-l) 4- diag(ones(Nx-2 p l),l) + diag(ones(Nx-2 p l) p -l); 
mvec = [l:Nx-l]; D1 = diag(mvec); 02 — diag(mvec. A 2); 

Aftcs - (l-r*k)*eye(Nx-l,Nx-l) + 0.5*k*sigma A 2*D2*T2 + 0.5*k*r*Dl*Tl; 

U = zeros(Nx-l,Nt+l); Uzero = max([h;h:L-h]’-E 1 0); 

U(:, 1) = Uzero; p = zeros(Nx-l.l); 
for i = l:Nt 
tau = (i-l)*k; 

p(end) - 0.5*k*(Nx-l)*((sigma A 2)*(Nx-l)+r)*(L-E*exp{-r*tau)); 

U(:.i+1) = Aftcs*U(: P i) + p; 
end 

waterfail(U’), xlabel( j*). ylabel(’i’) 

Hinh 5.8 chi ra mQt.mat Black-Scholes sinh ra til phtfdng phap nay. Bkng 
each tUdng ftf, ta cung co the snt dung phiJdng phap sai phan huu h^n cho 
quy<3n chpn kicu My. 


Hi§n nay, vdi s\f phat tricn cua cong nghf thong tin, vi^c scr dung phudng 
phap mo phong ngau nhien de giai so cac phudng trinh vi phan ngau nhien 
trd nen de dang hdn. Ta cung co the sii dung phudng phap nay de giai so cac 
phtfdng trinh vi phan ngau nhien nhieu chieu. B2ing phtfdng phap mo phong 
ngau nhien, chung ta con co the m5 phong cac qua trinh ngau nhien trong tai 
chmh til do ve dude cac quy dao cung nhu du b&o dude xu hudng cua cac dong 
tai chmh trong tudng lai. 
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Hinh 5.8: M&t sai phan htiu h^n Black-Scholes 


bAi tAp 

Bai tap 5.1. Giai cac phudng trinh vi phan ngau nhien sau: 

1) dX, = ^X,dt + X t dB,. 

DS: X, = exp(Dt). 

2) dX t = -r^—X t dt + r^—dB u Xo = 0. 

1 i t 1 i l 

DS; * ■ rh a - 

3) dX t = ~^X t dt + v/l - X?dB t , vdi t.< inf {« >0;B. g [-§,§]} , 

B 0 = ae (—f. f). 

DS: X t = sin B t . 

Bai tap 5.2. Giai c&c phudng trinh vi phan ngau nhien sau: 

1) dX t = i a 2 X t dt -I- aX t dB t . 

DS: X t = A'o exp (aB t ). 

2) dX t = i(lna) 2 X t d« + Qna)X,dB t . 
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DS: X t = X^a Bl = Xo exp ( B t In a). 

3) dX t = (2In 6)" 1 b-^dt 4 (In 6) _1 b x, dB t . 
DS: Xt = log, (Bt 4 6*°). 

4) dXi = -la 2 X ( dt 4 ayj 1 - ~X?dB t . 

£ 

DS: X L = sin ( aB t + axcsinXo). 

5) dX t - --a 2 X t dt — a\J\ — X 2 dB t . 

Xt 

DS: X t = cos ( aB t + arccos Xo) . 

6) dX t = <z 2 X t (1 + X 2 ) dt 4 a (l 4 X 2 ) dB t . 
DS: X t = tan ( aB t + arctan X 0 ). 

7) dX, = o 2 X, (1 + X 2 ) dt - a (l 4- X 2 ) dB t . 
DS: X t — cot ( aB t + arccotX 0 ). 

8) dX t ~ -a 2 sin X t cos 3 X t dt 4-a cos 2 X t dB t . 
DS: X t = arctan (aBt + tan Xo) ■ 

9) dX t = a 2 cos X t sin 3 X t dt - a sin 2 X t dB t . 
DS: Xj = arccot ( aB t + cotXo). 

10) dXt = Id/ 4- 2 y/X,dB t . 

DS: X t = (B, + v^) 2 . 


Bai tap 5.3. Giai cac phcrang trinh vi phan ngUu nhien sau: 
1) dXt = (1 4 X,) (l 4 X 2 ) dt + (1 4- X 2 ) dBt. 


DS: X t - tail (t + B t + arctan X 0 ). 


2 ) 



DS: X t = sh (t + B t + arcshXo). 

3) dX t = - (a 4 /3 2 X,)0 - X 2 ) dt 4 0 (1 - X 2 ) dB„ 
trong clo a, 0 la hang so. 

DS: 

_ (1 4 X 0 ) exp (-2 at 4 20B t ) 4 Xp - 1 
‘“(1-r Xo) exp (-2at 4 2 0B t ) + 1 - X 0 ' 


Bai tap 5.4. Giai cac phirclng trinh vi phan ngau nhien sau: 
a) Phudng trinh Verhulst 


dX t = (AX* - X 2 ) dt + aX t dB t . 


DS: 


Xo exp ((A - ^a 2 ) t + vBt) 

1 + X 0 J 0 * exp ((A - \a 2 ) s + (xB s ) ds 
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b) Phucng trinh Ginzburg-Landau 


-Xf + I a + -a 2 1 X, J dt 4- (TX t dB t . 


_ X Q exp {at+crB t ) 

A t — . 

\J 1 -f 2Xq j* exp (2as 4- 2 oB s ) ds 

Tif do hay giai phUdng trinh tong quat: 

dX t = (aX t n 4- 6* t ) dt + cJ^dB*. 

Bai tap 5.5. Vdi i la ddn vi ao , Z t la mot qua trinh I to phric, hay giai cac 
phuong trinh vi phan ngau nhien phiic sau: 

a) dZ t — —~Z t dt 4- iZ t dB t . 

DS: Z t = Z 0 exp( 2 B t ). 

b) dZ t = iZ t dB t . 


DS: Z t - Z a exp ^iB* 4- -tj . 

Bai tap 5.6. Cho (B}\ Bf) Ik mot chuySn dong Brown 2-chieu, hay giai phtfdng 
trinh vi phan ngau nhien: 

dX t = aX t dt 4- bX t dB] 4- cX t dB 2 . 


DS: X, = Xo exp \Ja — - (b 2 4- c 2 ) J i 4- 6B/ 4- cB t 2 J . 

Bai tap 5.7, Giai cac phuong trinh vi phan ngau nhien nhieu chieu sau: 

a) 

dXi 1 _ 1 r X, 1 [ x 2 ] 

_ dX, J - 2 [ x 2 J dt + [ X, J dB ‘' 

trongd6(Jfi;X 2 ) = (Xi(t);X s (0), t > 0, (*i( 0 );X„(0)) = ( 0 ; 0 ). 

DS: AT 2 (t)) = (cosh S ( , sinh B t ). 

b) 


DS: (X,(t),Xj(t)) = (t,e*B,) 
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' dXi 1 

1 

' A"! 

j dt -I - 

' 0 

_a 


‘ X\ ‘ 

_ dX 2 

~~ ~ 2 

. *2 . 

b 

. a 

b 

0 

✓ - 

1 x 

. *2 . 


trong do a > 0, b > 0. 

DS: (Xi(t),X 2 (t)) = (acosB ty bs\n B t ). 


Bai tap 5.8. Giai cac phixcing trinh vi phan ngau nhien nhieu chieu sau: 
a) 


‘ dXi ' 


' 1 ' 


ri o i 


' dB\ ' 

d * 2 _ 

“ 

0 

dt + 

o 

* 


dB 2 


trong do (X x (0); X 2 (0)) = (0; 0); [Xi\X 2 ) - (X L (t); X 2 (t)) y va chuycn dpng 

Brown 2-chieu (Bi; B 2 ) = ( B\(t ); B 2 (t)) 3 t > 0. 

b) 


dXi 

dX 2 


X 2 
-X t 


dt + 


adB i 
(3dB 2 


trong <to (X((0); 2^(0)) = (0,0); (XyXi) = (Xi(t)\ X 2 (t)); a,f) la cac hang 
so va chuyen dong Brown 2-chieu {By, B 2 ) = {B\ (t); B 2 (£)), i > 0. 
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